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Abstract

Computervision-basedradking of body parametes is of-

tencarried outby model-basedppmoachesasthey allow an

easyincorporation of high-level knowledg. However, due
to a normally large solutionspacean exhaustiveseach is

not possibleandtherefore methodsasedon predictionare

applied. To avoid the inherent problemsrelatedto predic-

tion wein this papersuggestto apply additional high-level

knowlede to representhe state-spacenore efficientlyand

herebyallow for an exhaustiveseach. Concietely the pa-

per presentsa novel representatiorof the humanarm and

showshow to prunethe state-spacef this representation
by including high-level knowledg@ in the form of kinematic
constaints. Resultsshowthat our prunedstate-spaceon-

tains 1.3 - 10% differentconfiguation on average. In com-

parison, the standad representationof the arm contains
8.28 - 102 differentconfigumtion, hencewe haveobtaineda

more efficientrepresentation.

1. Intr oduction

Computewision-basedrackingof humanbodyparameters
is an importantproblemdue to the vastamountof appli-
cations[11]. The humanbody is a self-occludingarticu-
lated objectwhich makesthe problemdifficult. High-level
knowledgeis thereforancludedinto thealgorithmsin order
to simplify matters. Concretely model-basedipproaches
arewidely usedasthey allow for a directincorporationof
high-level knowledgein theform of the possibleconfigura-
tion of the object,see[11] for anoverview.
Model-basednethodshave the problemof a large solu-
tion spacewhich inhibits an exhaustve search.Thatis, as
thesolutionspacen amodel-basedpproachs spannedy
the numberof parametersisedto modelthe object,theto-
tal numberof differentsolutionsareequalto [] A;, where
\; is theresolutionof the i’ th parameteusedto modelthe
object. For example,if we modela pieceof a line which
canrotate360° in theimageplanewith a resolutionof 1°

andscale200 pixelswith aresolutionof onepixel, thenwe
have a solutionspacecontaining7.20 - 10* differentconfig-
urations.Evenin this simpleexamplewe alreadypushthe
limit of whatanexhaustve searclcanachieve in real-time.

Three standardsolutions exists, which avoids the ex-
haustve search;predictionfollowed by eitheran iterative
searchaKalmanFilter, or anexhaustve searchin theprox-
imity of the prediction. They areall basedon the assump-
tion thatthe objectdo notchangedramaticallybetweertwo
consecutre framesand hence,a nearly correctprediction
canbe provided. This assumptioris in generaltrue, but a
goodpredictionrequiresthe true configurationto be found
in thepreviousframe,andthisis not alwayspossibledueto
e.g.,noiseandocclusions.Furthermorejn the first frame
no predictioncanbe provided. For articulatedobjectswith
self-occlusionthe solution spacewill in generalcontain
multiple modes,i.e., local extremaexist. The abore men-
tioned problemsare probablythe main reasonsvhy mary
model-basedystemgequirespecialervironmentsn order
to successfullyoperatdor alongerperiodof time.

In this paperwe will shav thatanalternatvely approach
is possible hamelyto include additionalhigh-level knowl-
edgeinto a model-basedracking framavork and thereby
makingit morerealisticallyto apply an exhaustve search.
The focusin this paperis how to apply high-level knowl-
edgeto more efficiently modelthe object, i.e., the state-
space,and how to prunethis state-space.The context is
to track the 3D poseof a humanarm given a monocular
camerasetup. As the tracking of the arm will often be a
sub-problenof trackingthe entirehumanpose we assume
someotheralgorithmhasalreadyestimatedhe main body
posej.e.,we know the positionof the shoulder

1.1 Outline of the Paper

In section2 we first describethe Euler’s anglesrepresen-
tation, which is the standardway of modelling the arm.
We thendescribeéhow the Euler'sanglesrepresentatiosan
be enhancedby applyingmorehigh-level knowledgein the



form of kinematicconstraints.In section3 we presenthe
local scrav axis model,which is a novel methodfor mod-
elling the arm. As opposedo the four-dimensionalktate-
spacein the Euler’s anglesrepresentatiorthis modelling
schemeonly requirestwo parametergo spanthe state-
space.In sections4 and5 we shov how to prunethe state-
spaceof the local scrav axis modelby including both dy-
namic and static constraints. In section6 the resultsare
presenteénddiscussedh section?.

2. Euler’ sAnglesRepresentation

Thestandardvay of representinghe state-spacef thearm
is to applyfour Euler'sanglesseefigure 1.A. Givenanun-
constrainecEuler’s anglesrepresentationthe size' of the
state-spacés (360* =)1.68 - 1019. As mary of thesecon-
figurationsarephysicalimpossiblehestatickinematiccon-
straintsof thejoint anglescanbeappliedto prunethe state-
spaceseee.g.,[2, 9,12, 13].
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Figurel: A: Thearmrepresentedy four Eulersanglesn a
coordinatesystemwith origin in the shoulder Therotation
directionof the Euler’s anglesareindicatedby the arrows.
B: The referenceconfigurationsfor the first three Euler’s
anglesj.e.,whentheanglesarezero.Notethatthe triangle
only liesin the X-Y-plane

The static constraintson the joint anglescan be found
in mary bookson anatomy However, no universallimits
existandthefiguresdiffer betweerthedifferentbooks.This
is dueto the factthat the limits differ betweenindividuals
andby the actionscarriedout. As a compromisewve have
measuredhelimits for thefirst authorandusedthesen this
work. Therangesarelistedin tablel.

Applying the staticlimits prunethe state-spaceo (180 -

1By 'size’ we meanthe numberof differentconfigurationghat canbe
representebly thestate-spaceThisrequiresaknown resolutionof theaxes
thatspanthe state-spacandin this work we usea resolutionof 1cm for
Cartesiarvariablesand1° for angularvariables.Furthermoreijn orderto
presentoncretenumberdor thepruningeffectsof thedifferentconstraints
we assume framerateof 10 Hz andthatthelengthsof the upperarmand
lowerarmare A, = 30cm andA; = 30cm, respectiely.

Tablel: Thelegalrangesof thefour Euler'sangles.
01 02 03 04

Minimum | —135° —135° 0°  45°
Maximum 45° 100° 145° 180°

235 - 145 - 135 =)8.28 - 10® differentconfigurations. A
significantpruning,but still alargesolutionspace.

Below we shav how the state-spacean be prunedby
applyinghigherorderkinematicconstraintsij.e., theveloc-
ity andaccelerationput first we needto definethe ranges
for theseconstraints. Their rangesdependon the activity
carriedout. For example,during hammeringvelocitiesup
to 1031°/s and accelerationsip to 23778°/s? have been
reported[4], andfor professionabaseballpitchersveloci-
tiesabove 8000°/s have beenreported[6, 7]. In this work
we consider’normal” actvities andbaseour limits on the
work by Au andKirsch[1]. They presenimeasurementsf
thevelocitiesandaccelerationduringthree’normal” activ-
ities: serial single joint movements reachingmovements,
and drawing movements. From their resultswe find the
maximumvelocity to be 400° /s andthe maximumaccel-
erationto be = 4000°/s?.

2.1 Including Higher Order Kinematics

The calculationsof how higherorderkinematicscan limit
therangesof thefour joint anglesaresimilar andtherefore
only shown for the generalcase . The calculationsfor 6
aredivided into two partsthoseresultsyield A#, i.e., the
maximumdisplacemenof . In thefirst partthe maximum
changein the positive rotation direction, denotedA 4, is
found. The secondpart concernghe maximumchangein
the negative direction, A~6. The calculationsarefirst car
ried outfor AT4.

The taskat handis to calculatethe maximumdisplace-
mentof 8 in the positive direction,i.e., AT#, during one
framegiventhelimits ontheanglevelocity, V..., andan-
gle accelerationA,,,,. The displacementn the positive
directionis in generakalculatedas

1
ATO(t) = 5Ao Vot (1)
where AT6(t) = 6(t) — 6, andb,, Ay, andV, arethe
angle,accelerationandvelocity att = 0, respectiely.
The maximum displacementin the positive direction
duringoneframeis foundas
1A v
+p _ - fimaz v
A= T
whereV * is theinitial velocity. Sincethevelocityis lim-
ited, equation2 only apply aslong asthe currentvelocity,

(2)



V, is lessthanthe maximumvelocity, i.e.,V < V,,42. TO
evaluatethis, the time, ¢, it takesto reachthe maximum
acceleratés foundas

Vinaz — V*
Vinaz = Amaw -t + V= t1 = m‘zwi (3)
mar
After this time the acceleratioris zeroandthe displace-
mentis foundas

Atg = Vmaw(l/f - tl) (4)
which only applywhen
1 A
t < = = V* > Vmaz‘ - s (5)
T f
Thedisplacementannow be expresseds
Apas .
s+ 5 )
if V* < Vipgg — “mas
Atg=¢, " T (6)
§Amawt1 + v tl + Vmaw(]-/f - tl)
ifV* > Vigy — Azas
Writing equation6 asa functionof V* yields
1y/% 1 Anmas
?V +3 72
|f V* S Vmaw - A";c”
ATV ) = ol VF f dmae Y (7)
Vimae _ Voo

. f 2Amam A
if V*> Viar — e

Insertingthevaluesfrom footnotel, Viax — Amaz/f =
0, i.e., thefirst expressiorof equation? is usedwhenV* <
0 andtheotheronewhenV* > 0. Altogetherthemaximum
displacemenasa function of V* is shavn asthe topmost
cunein figure2.

The maximumdisplacemenin the negative direction,
A~6, canbe calculatedin a similar mannerandthe result
is illustratedasthe lower curve in figure 2. The combined
displacementAd, asafunctionof V* is definedasthearea
betweerthetwo curvesin figure 2. Thisis denotedherel-
ative displacemenof 4. Theabsolutedisplacementlefines
theallowedinterval for § andcanbefoundas

d = [q)mina q)maw] = [max{emzn,e* + A_e},
min{0,,42,0* + AT6}] (8)
whered* is the value of the joint anglein the previous

frame,and®,,;, and,,.. aredefinedin tablel. Themin-
imum and maximumyvaluesof 8 in the currentframe are
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Figure2: Theupperandlowerboundsof thedisplacements.

denoted®,,;, and®,,,., respectiely. In somesituations,
e.g.,whené* = 6,,,. AV* > 200°/s a suddenstop of

themovementof the handis requiredto obey the kinematic
constraints.Obviously, this is not realisticanda minimum
interval whereinthehandis boundto beis thereforedefined
to beequalto theminimumvalueof Ag, i.e.,20°. Equation
8 is thereforeexpandedo

[Brmaz — 20,0maz] i (®rmaz — Prmin) < 20
/\ (I)min > emm

if (®rmaz — Pmin) <20 (9)
/\ (I)maz < emaz

otherwise

¢ = [aminyamin + 20]

[(I)mz'na q)maw]

ExpressiorD andfigure 2 clearly show the effect of in-
cluding the higherorderkinematicconstraintgn the prun-
ing. In fact,in worst casethe size of the solutionspaceis
now (40* =)2.56 - 106 which is a factor323 smallercom-
paredto usingmerelytheconstraintdistedin tablel.

3. Local Screw Axis Model

Evenwhenthe velocity andacceleratiodimits areconsid-
ered,theresultingsolutionspacss still too largefor anex-
haustve searchn this sectionwe thereforedescribeanal-
ternative approacto modellingthearmandshow how this
novel modelcanbepruned.

An alternatve to the Euler’s anglesrepresentatiolis to
applythescrav axisrepresentationit is notdirectly related
to the anatomicjoints, but neverthelesshasthe sameabil-
ity to representll the differentarm configurationsasthe
Euler'sanglesepresentatiohas. Thisrepresentatiois ap-
pliedin roboticsandcomputemgraphicsandrecentlyalsoin
the computervision community[3] [8].



The representations basedon Chasles’theorem[14]
which looselystateshata transformatiorbetweenwo co-
ordinatesystemscan be expressedhsa rotationaroundan
axis, calledthescrev axis(or helicalaxis),andatranslation
parallelto the screv axis. In the contect of modellingthe
humanarmthe screv axisis definedasthe vectorspanned
by the shoulderandthe hand. The positionof the elbow is
definedasarotation,«, of aninitial elbov positionaround
the scrav axis[10]. As the lengthof the upperandlower
armarefixednotranslationis requiredparallelto the scrav
axis, andthe perpendiculadistancefrom the elbow to the
scrav axisis independenbf « andcanbe calculatedwith-
out addingadditionalparametersAltogetherthe represen-
tation requiresfour parameters.Threefor the position of
thehand,H,, H,, and H, to definethe scrav axisandone
for therotationaroundthe screv axis, a.

In orderto achieve a smallersolutionspacewe introduce
two assumptions Firstly, we assumehat we areworking
with a calibratedcamera.Secondlywe assumeve canal-
ways locatethe handin the image by utilising skin-color
segmentation.Combiningthe two we canmapthe position
of thecentroidof thehandfoundin theimageto aline, [, in
spacepassinghroughthe hand.

H#t)=P +¢-D (10)

whereﬁ is thefocal pointofthecamereandﬁ isaunit
directionvector In otherwords, given the position of the
handin the image,we only require one free parameteto
representts 3D position,namelythe displacementt. For
eachvalueof ¢ the positionof thehandH is defined.This
meansthat we might aswell useary of the entriesin
to representhe free parameterlin this work we use H, as
thefreeparameterSo,for eachvalueof H, t andtherefore
alsoH, andH, areuniquelydeterminedBy applyingthis
conceptto the scrav axis representationwve caneliminate
the parametersd, and H, which leave us with just two
parametersnamelya and H,, to modelthe configuration
of the arm. We denotethis novel model the local screw
axis model For eachnew imagea uniqueinstanceof the
solutionspacesxists,hencethe name”’local”.

In thelocal scrav axismodela is boundedy onecircle-
sweep(0° — 360°) while H, is boundedby + the total
lengthof the arm. Giventhe beforementionedvalues,see
footnote1, we have a solutionspacecontaining4.32 - 104
differentsolutions. A largereductionin the sizecompared
to that producedby Euler’s angles,but still a hugespace.
Therestof this paperis thereforedevotedto applyingcon-
straintsto prunethe local scrav axis model. The pruning
fallsin two categories,four constraintghat prunesH, and
two constraintghatprunesa.

4. Pruning H,

H, is prunedfirst by threestaticconstraintandthenby one
dynamicconstraint.

The first constraintstatesthat the distancebetweenthe
3D handpositionandthe shouldemeedso belessthanthe
total length of the arm, hencethe handpositionis limited
by a spherecentredin the shoulder To calculatethe al-
lowedinterval for H, we find whereequationl0 intersects
thesphereyieldingP, +t; - D, < H, < P, +t; - D,

The secondconstraintis an angleconstraint. Whenthe
positionof the handin theimageis to theleft of the shoul-
der(H, > 0), seefigure 1.A, H, canbe prunedusingthe
limits on 8;. The limitations on the anglemeans,among
otherthings, that the upperarm canonly rotate45° back-
wards.Togethemwith thelimitations of the otheranglesthe
minimum H, positionsof the handis boundto be limited
by 6, in thefollowing way: tan(45°) > g: , wherethe an-
gleis measuredrom the X-axis. Insertingequation10 and
isolatingt allows usto calculatehesmalleswalueof H, as
Hz,mz'n =P, +t-D,

The final static constraintpruning H, is an occlusion
constraint. Whenthe position of the handin the imageis
to the right of the shoulder(H, < 0) the handis likely to
bein front of theheador torso. If thisis thecaseH, canbe
prunedby finding theintersectiorbetweerequationl0 and
a representatiorof the headand torso, respectrely. The
torsois modelledusing an elliptic cylinder with its semi-
axes(a andb) parallelto thex andz-coordinateaxesshaovn
in figure1. Theheadis modelledasanellipsoidwith semi-
axesi, j, andk, wherei = k [10]. Equation10is inserted
into both the equationof the ellipsoid andelliptic cylinder
and solved with respectto ¢. If ¢ is real andits y-value
belongsto one of the shapesthe limits on H, is found as
Hz,mz'n =P, +t-D,.

4.1 Dynamic Constraint for H,

Thetaskat handis to find the largestand smallestvalueof
H,, giventhe higherorderkinematicsandthe valuesof 6,
andd, in the previousframé?, §; andd;.

Usingthe anglesillustratedin figure 3 yields

Hz(01,04) = —1(sin(01) <A, + sin(wg) . Al) (11)

whereyp, = 6; — 180° + 4. The changeof sign is
necessargueto thedefinitionof therotationdirections see
figure 1. Theminimumandmaximumvaluesof H, (61, 64)
arefound by partial differentiationof H, andsettingboth
expressiongqualto zero. Thatis

2Weignorefd; anddz aswe have beenunableto find a simplesolution
if all four anglesare considered We herepresenta conserative solution
by assuminghatall movementgake placein the X-Z-plane.
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Figure3: Theanglesusedto calculatethe averagepruning
effect.

It follows that global extrema are found when 6, =
+90° A 6, = 180°. This intuitive result meansthat the
global extremaare either outsideor on the bordersof the
legal region definedby thelimits of #; andd,, seeexpres-
sion 9. Only saddlepointsmay be found insidethe region
meaningthatthe minimumandmaximumvaluesof H, al-
wayswill belocatedon the borders. The four bordersare
thereforeinvestigatedneatthetime andthe minimumand
maximumvaluesarefound.

For the borderwhered, is fixedto its maximumvalue,
i.e.,0s = ®4 maq, thefollowing equationis solved

d
—_— H i) =0=
d01 z(917 4,ma.’zv) 0

—cos(61) - Ay + cos(01 + Pamaz) -4 =0 (14)

Theequatiorcanberewrittento thetranscendentaqua-
tion which hastwo solutionsf; ; andé; » [10]. If thesolu-
tionsarewithin thelegalinterval of 8; for the currentframe
([®1,min; ®1,maz]) the minimumvalue,oq, andmaximum
value,w,, for theborderarefoundas

o1 = Min{H (01,1, P4,maz), H.(01,2, Ps,maz)
H,(®1,min> ®a,maz)s Hz(P1,mazs Pa,maz)
wi = max{H, (61,1, ®P4s,maz)s H: (01,2, Pa,maz)
H.(®1,min> ®a,maz)s Hz(P1 maz; Pa,maz)

p (19

} (16

Note that the valuesof the cornersof the legal interval
is includedto handlethe situationwherelessthantwo local
extremacanbefound.

The minimum andmaximumfor thethreeotherborders
arefoundin a similar manner The overall minimum and
maximumvaluescannow befoundas

min{Hz (01, 04)}
max{H,(61,04)} =

min{oy,02,03,04}  (17)
max{wl,wg,w3,w4} (18)

Sincethis constraints calculatedwithout taking 62 and
@3 into considerationthe intenvalsin 17 and 18 arerela-
tive with respecto theactuallyvalueof H, in the previous
frame, H;. Thepruningof H, is thereforegivenas

H: — min{Hz(01,04)} <H,< H: +
max{ H,(61,64)} (29)

5. Pruning «

In this sectionwe will describetwo constraintshat prune
a. Firstacollision constraintandthena constrainbasecn
thelimits onthejoint angles.

The fact that two body partscan not occupy the same
spaceatthe sametime providesa collision constraint.This
constrainis appliedfor eachnon-prunedH , -valueandit is
thereforamportantto have ananalyticsolutionwhich eval-
uateall a-valuesat a time insteadof oneat thetime. To
obtainthis two simplificationsareintroduced.First, a colli-
sionis definedasa configurationwheretheelbow is collid-
ing with thetorsoor head. Secondthetorsoandheadare
modelledasonerectanglen the X-Z-plane[10]. For each
valueof H, the elbov describesa circle in spaceand,in
generalanellipsein the X-Z-plane. The prunedinterval of
a is foundas[a;, as] wherea; anda, aretheintersection
points (if ary exist) betweenthe ellipse and the rectangle
(ignoringthe Y-component).

5.1 Pruning « usingthe Joint Angle Limits

Thetaskathandis for acertainvalueof H,,, i.e.,ﬁ, tofind
a relationshipbetweenthe four joint anglesanda, sothat
the limitations from section2 may be appliedto limit the
rangeof a.

First of all it is notedthatd, canbe calculatedfor each
(H,, o) setand needsto be within [®4 min, Pa,maz] =
[45°,180°]. If not, the currentvalueof H, canbeignored
altogether

The approachusedto find a relationshipbetweenthe
remainingthreeanglesand « is basedon the idea of ex-
plaining how to rotatethe referencerianglein figure 1.B



into the currenttriangle. The rotationcanbe describecby
R(61,62,63) andby R(a). As the two rotationswill be
equalarelationshipbetweerthejoint anglesanda is given
by R(ela 027 63) = R(a)

The former rotation is an Y-Z-X Euler's anglesrota-
tion, i.e., R(91, 02, 03) = Ry(01) ‘R, (02) . Rm(gg) where
R, (6,) istherotationof #; aroundthe Y-axisetc.

5.1.1 Finding R(«)

Five rotationsare usedto align the referenceriangle, see
figure 1.B, with the currenttriangle,i.e., poseof the arm.
The first rotationis to align the shoulderhand-lineof the

referencetriangle, }TX , with the X-axis. The rotationis
doneusingR. (¢1) where

A si
b1 = —sin”! (LE@) (20)
[ Hx ||
_>
and|[H || = | 7 |
Next, thetriangleis rotated180° aboutthe X-axis. The
third andfourthrotationsaligntheshoulderhand-lineof the

referencerianglewith the currentshouldeirhand—line,ﬁ .
This is done by first rotating aroundthe Z-axis and then
aroundthe Y-axis by R.(¢2) and Ry(¢3), respectiely.

Therotationanglesarefoundas¢, = sin™* (\\I;fyn) and

(253 = tan~! g:
The shoulderhand-lineof the referenceriangleis now
alignedwith the shoulderhand-lineof the currentconfigu-

ration,i.e., }T: is alignedwith F Finally the positionof
theelbow in thereferencdriangleneeddo bealignedwith
thecurrentelbow position. This is doneby rotatingtheref-

erencetrianglearoundﬁ with a degrees.For this purpo_s)e
theRodriquesformula[5] is applied.It rotatesagctorP
a degreesabouta unit vectorl_f) to anew vector P’

P = P cos(a) + sin(a)(K x P) +
(1- cos(a))(? 13))}_8 (21)

—
The unit vectoris givenas? = HFII andP' is the

" . L
currentpositionof theelbon }? P isthetoppoint (highest
Y-value)of thecurrenta-circle andis denotedEr . Dueto
therotation, R, (180°), the elbow of the referenceriangle
is alwaysin thetopmostposition(with respecto y). Equa-
tion 21 canbewrittenin matrixformasE = Re(a) - Er
[10].

The overall rotationneededo align the referencerian-
gle with the currenttrianglein termsof « is givenas

R(a) = Re(a) Ry(¢3) R=(¢2) R (180°) R=(41) (22)

5.1.2 Relating (61,02,03) and «

After R(61,6-,03) andR(«) arefoundtherelationshipbe-
tweenthe threejoint anglesanda canbefound. As stated
above R(61,6-,65) = R(«a). For eachof the nine entries
in the matricesa trigonometricequationrelating the joint

anglesanda exists. We apply the entriesshavn below to

find asolution.

sin(f2) = ay - sin(a) + by - cos(a) + ¢1 (23)
cos(6y) cos(f2) = az - sin(a) + by - cos(a) + ¢2 (24)
cos(f2) cos(f3) = as - sin(a) + bs - cos(a) + ¢3 (25)

wherea;, b;, and¢; arefound from ﬁ andtherefore
constanfor eachvalueof H,.

Relating 6, and a

Finding the legal setof « in accordancavith the limits
on the threejoint anglesis doneby first finding the legal
setsfor eachjoint angleandthencombiningthem.

First, it is calculatechow 8 limits a: usingequation23.
The legal interval of 85 is [®2,min, ®2,maz] asdefinedin
2.1. All legal valuesof o have to satisfy equation23 so
thats € [®2min, ®2,maz]- In figure 4 thisis illustrated.
Thesine-cureis theright hand-sideof equation23 andthe
straightlinesareminimum-andmaximumvaluesof theleft
hand-sidef equatior23. For ana valueto beaccepted(«)
needgo bewithin the shadedarea.The shadedartsof the
a-axisindicatethelegal intervalsof a.

t(a)

max{sing, )}

min{sin@,)}

Figured4: lllustratingtherelationshipbetweerf, anda.

Dueto the monotoniccharacteristicof sin(6s) the esti-
mationof thelegalintervalsaresplit upinto threeparts,one
foré, € ]—270°, —90°] onefor 2 € ]—90°,90°] andone
for 8, € ]90°,270°]. Theseintervalsaredenotedp;, ps,
andps, respectiely. Combiningp; and|[®2 min, ®2.maz],
D2 and [(I)Z,mz'ny q>2,maz]: and D3 and [(I)Z,mz'ny q>2,maz].
the legal intervals usedto definethe shadedareain fig-
ure 4 arefound asly = [®2min, Po,maz] NP1, b =
[(I>2,min;q)2,mam] N pa, andl; = ["P2,min:(}2,maz] N ps,
respectrely. Within thesesetssin(f,) is definedas



I : sin(f:) € [sin(max{l,}),sin(min{l1})] (26)
ly: sin(f2) € [sin(min{l2}), sin(max{i>})] (27)
I3 : sin(f2) € [sin(max{ls}),sin(min{ls})] (28)

In thefollowing thecalculationdor I; areshown. In the-
ory threedifferentsolutiontypesexist whensolving equa-
tion 23. Thefirst is whenthe shadedareado not intersect
with t(a) meaningthat the arm cannotbe in the configu-
ration definedby the currentvalueof H,. In this caseno
further calculationsare necessaryhencel00% pruning of
a. In the secondcasea is not constraineddy 6, i.e., 6>
do not prunea. This occurwhenall of ¢(a) is insidethe
shadedarea. In the third casethe lines andthe curvesin-
tersect.To decidewhetherthey intersecthe minimumand
maximumvaluesof ¢(«) is found and comparedwith the
boundarie®f the shadedarea.

If at leastone boundaryintersectsthe sine-cure, the
intersectionpoints are found by solving equation23 for
sin(f2) = sin(min{l;}) andsin(fy) = sin(max{l,}), re-
spectvely. Sincethe left-handside of both equationsare
constantthe equationcan be re-written to transcendental
equationsachwith two solutions[10]. For eachequation
zero,one, or two intersectionpoints are found, hencebe-
tweenoneandfour a valuesaltogether Thesearetogether
with the two extremaof a (0 and 360°) placedin a list
andsortedaccordingto their magnitude Dependingon the
signsand magnitudeof the coeficientsin equation23 and
thevaluesof a, theinterval betweertwo consecutievalues
in thelist is eitherlegal orillegal. Insteadof settinguprules
it is easierto usethe monotoniccharacteristicef the curve
andevaluatingonepointin eachinterval. If andonly if this
pointis legal,theintervalis legal. In otherwords

a € [ag, 1] iFt((o; + @iv1)/2) €
[sin(min{l; }), sin(max{l; })] (29)
whereq; is thei’ th valuein the sortedlist.
Altogethertheunionof thelegalintervalsdefineshele-
gal setof o with respecto [;. Similar calculationsarecar
ried out for I, andls andthe union of the threeresultsde-
finesthelegal setof a-valueswith respecto 6-. This setis
denotedly,

Relating 6, and «

To calculatehow 6, limits a equation24 is applied.
Sincetwo joint anglesarepresenin this equationthelegal
intervals; aredefinedover two variablesratherthanone,
hencea legal region. This canresultin moreintervalsdue
to more complex monotoniccharacteristicsbut otherwise
thecalculationsaresimilar to thoseexplainedabove.

In orderto find the legal regionsthe monotoniccharac-
teristicsareinvestigated.This is carriedout by calculating
the partial derivativesof the left handside of equation24
and settingthem equalto zero. This yields local extrema
for eachvariablealong the lines8; = —90°, 8; = 0°,
6, = —90°, 6, = 0°, andf, = 90°. Theextremafor the
combinedvariablesj.e.,cos(6;) cos(6.), arelocatedwhere
the lines intersect. Togetherwith the legal intervals of the
two joint angle [®1, min, P1,maz] ANA[P2 min, B2,maz], the
linesform a grid whereineachrectangleconstitutesa legal
region, ;.

Within eachlegal region the value of the left handside
of equation24 is monotonewith minimum and maximum
definedas

l; : cos(61) - cos(f2) € [min{c;1,¢i,2,¢i3,Cia},

max{ci,1, ¢i,2, i3, ¢ia}]  (30)

wherec; ; - - - ¢; 4 arethevaluesof thefour cornersdefin-
ing thei’ th legal region, e.g.,c; 1 = cos(0°) - cos(0°) = 1.

Having found the legal regions, ;, andtheir maximum
and minimum values,the calculationsare similar to those
describedabore. Theresultis a setof legal a-valueswith
respecto §; andé,. This setis denotedl,, .

5.1.3 General Pruning Effect of 8,, 82, and 65

To calculatehow 63 limits « equation25 is applied. The
calculationof IIy, is exactly the sameaswhencalculating
1y, . Altogetherthe threejoint anglesconstraina to bein
thesetlI definedasIl = Iy, NIy, N II4,.

6. Results

Theresultsof thiswork is thepruningeffectsof thedifferent
constraints.

How much a particular constraintprunesthe solution
spacedependon the currentposition of the handandthe
previously estimatecconfigurationof the arn®. It is there-
fore not possibleto statea generalpruningeffect but in the
upperpartof table2 theintervalsof the pruningeffectsare
shawvn togethemwith the averageeffects[10].

Sincethe constraintsare dependenit is not possibleto
calculatea generalaccumulateceffect. Insteadthe total
minimum, maximum,andaverageeffectscanbeestimated,
seethelower partof thetablefor the numbersand[10] for
furtherinformation.

If we ignoreall constraintsthe local scrav axis model
contains(120 - 360 =)4.32 - 10* differentconfigurations.
Applying the total pruningeffectslistedin table2 we have

STheeffectof thethreefirst andthelastconstraintalsodependonthe
positionof the camerahut for simplicity it is assumedhatthe cameras
perpendiculato thetorsoandinfinitively far avay.



Table2: Thedifferentconstraintsaandtheir pruningeffects.

PruningEffects
Par. Typeof constraint Min. Max. Avg.
H, Distanceconstraint 0% 100% 48%
H, Angle constraint 0% 50% 25%
H, Occlusionconstraint 0% 57% 20%
H, Temporalconstraint ~ 51% 92% 77%
Qa Collision constraint 0% 100% 35%
Qa Jointangleconstraint  75% 100% 85%
H, Total effecton H, 51% 100% 80%
Q Total effecton 75% 100% 86%
a, H, | Totaleffect 88% 100% 97%
«a, H, | Totaleffect(static) 75% 100% 92%

asolutionspacecontainingoetweer0 and5.18 - 102 distinct
configurationand1.3-10% onaverage And if theresolution
is setto e.g.,2¢m for H, and5° for a, thenwe have 5.18 -
102 configurationsn worstcaseand1.30 - 102 on average.

6.1 Temporal Aspects

All calculationsinvolving temporalinformation are based
on a framerateof 10Hz If the framerateis increasedhe
pruning effects of the fourth andfifth constraintswill im-
prove. If theframeratds decreasethe pruningeffectswill
decreaseln situationswherethe framerateis unknawvn or
changingthe resultsof the fourth andfifth constraintbe-
comeunreliable. We thereforeestimatethe total effectsin
the casewe ignoreall temporalinformation,hencewe ap-
ply 8 € [Omin,Omaz] ratherthand € [®,,in, Prmaz] in the
fourth andfifth constraints. The resultsof the combined
effectsarelistedin table2 (static)[10].

Withoutthetemporalconstraintghe absolutesizeof the
solutionsspacewill be between0 and 1.08 - 10* distinct
configurationsaind3.46 - 102 onaverage And if theresolu-
tionis setto e.g.,2e¢m for H, and5° for a, thenwe endup
with 1.08 - 102 configurationsgn worstcaseand3.46 - 102
onaverage.

7. Discussion

In this papemwe have shovn how high-level knowledgecan
be appliedto reducethe size of the state-spacef the arm,
bothin termsof thedimensionalityandin termsof thenum-
berof differentconfigurationsOur approacthis to usekine-
maticconstraintsandour reductionis thereforenot with re-
spectto someapplicationor training databut very general.
In otherwords,we only pruneimpossibleconfigurationsas
opposedo improbableconfigurations.

Our maincontributioniis the local scrav axis modeland
the pruningof this representationThe modelallows avery
efficientrepresentationf thearmwhichin termmay allow
for an exhaustve searchin the solutionspace. A second

contrikutionis section2.1 which shavs how to incorporate
velocity andacceleratiortonstraintsnto the Euler'sangles
representation,e., a contribution independenof the local
scrav axismodel.

Oneissuethat needsto be stressedvith respectto the
local scrav axis modelis the assumptiorthatthe handcan
alwayshe sggmentedn theimage. In situationswherethis
fails one should either apply predictedvalues(only for a
limited amountof frames)or switchto the standarcEuler’s
anglegrepresentationr screv axisrepresentatiorgndcon-
tinuethetrackingin oneof thesestate-spacesntil thehand
canbedetectednceagain.
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