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Abstract

Computervision-basedtracking of bodyparameters is of-
tencarriedoutbymodel-basedapproachesastheyallow an
easyincorporation of high-level knowledge. However, due
to a normally large solutionspacean exhaustivesearch is
not possibleandtherefore methodsbasedon predictionare
applied. To avoid the inherentproblemsrelatedto predic-
tion wein this papersuggestto applyadditionalhigh-level
knowledge to representthestate-spacemore efficientlyand
herebyallow for an exhaustivesearch. Concretely, thepa-
per presentsa novel representationof the humanarm and
showshow to prune the state-spaceof this representation
by includinghigh-level knowledge in theform of kinematic
constraints. Resultsshowthat our prunedstate-spacecon-
tains

��� ��������	
differentconfiguration on average. In com-

parison, the standard representationof the arm contains
��
��
��������
differentconfiguration,hencewehaveobtaineda

moreefficientrepresentation.

1. Intr oduction
Computervision-basedtrackingof humanbodyparameters
is an importantproblemdue to the vastamountof appli-
cations[11]. The humanbody is a self-occludingarticu-
latedobjectwhich makestheproblemdifficult. High-level
knowledgeis thereforeincludedinto thealgorithmsin order
to simplify matters. Concretely, model-basedapproaches
arewidely usedasthey allow for a direct incorporationof
high-level knowledgein theform of thepossibleconfigura-
tion of theobject,see[11] for anoverview.

Model-basedmethodshave theproblemof a largesolu-
tion spacewhich inhibits anexhaustive search.That is, as
thesolutionspacein amodel-basedapproachis spannedby
thenumberof parametersusedto modeltheobject,theto-
tal numberof differentsolutionsareequalto ����� , where��� is theresolutionof the i’ th parameterusedto modelthe
object. For example,if we modela pieceof a line which
canrotate

�������
in the imageplanewith a resolutionof

���

andscale200pixelswith a resolutionof onepixel, thenwe
haveasolutionspacecontaining� �
����������� differentconfig-
urations.Evenin this simpleexamplewe alreadypushthe
limit of whatanexhaustivesearchcanachieve in real-time.

Three standardsolutionsexists, which avoids the ex-
haustive search;predictionfollowed by eitheran iterative
search,aKalmanFilter, or anexhaustivesearchin theprox-
imity of theprediction. They areall basedon theassump-
tion thattheobjectdonotchangedramaticallybetweentwo
consecutive framesandhence,a nearlycorrectprediction
canbe provided. This assumptionis in generaltrue,but a
goodpredictionrequiresthetrueconfigurationto befound
in thepreviousframe,andthis is notalwayspossibledueto
e.g.,noiseandocclusions.Furthermore,in the first frame
no predictioncanbeprovided. For articulatedobjectswith
self-occlusionthe solution spacewill in generalcontain
multiple modes,i.e., local extremaexist. The above men-
tionedproblemsareprobablythe main reasonswhy many
model-basedsystemsrequirespecialenvironmentsin order
to successfullyoperatefor a longerperiodof time.

In thispaperwewill show thatanalternatively approach
is possible,namelyto includeadditionalhigh-level knowl-
edgeinto a model-basedtracking framework and thereby
makingit morerealisticallyto applyan exhaustive search.
The focusin this paperis how to apply high-level knowl-
edgeto more efficiently model the object, i.e., the state-
space,and how to prunethis state-space.The context is
to track the 3D poseof a humanarm given a monocular
camerasetup. As the trackingof the arm will often be a
sub-problemof trackingtheentirehumanpose,we assume
someotheralgorithmhasalreadyestimatedthemainbody
pose,i.e.,we know thepositionof theshoulder.

1.1. Outline of the Paper
In section2 we first describethe Euler’s anglesrepresen-
tation, which is the standardway of modelling the arm.
We thendescribehow theEuler’sanglesrepresentationcan
beenhancedby applyingmorehigh-level knowledgein the
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form of kinematicconstraints.In section3 we presentthe
local screw axismodel,which is a novel methodfor mod-
elling the arm. As opposedto the four-dimensionalstate-
spacein the Euler’s anglesrepresentationthis modelling
schemeonly requirestwo parametersto span the state-
space.In sections4 and5 we show how to prunethestate-
spaceof the local screw axis modelby including both dy-
namic and static constraints. In section6 the resultsare
presentedanddiscussedin section7.

2. Euler’ sAnglesRepresentation
Thestandardwayof representingthestate-spaceof thearm
is to applyfour Euler’sangles,seefigure1.A. Givenanun-
constrainedEuler’s anglesrepresentation,the size1 of the
state-spaceis � ������� �"!#��� ��
��$���&%(' . As many of thesecon-
figurationsarephysicalimpossiblethestatickinematiccon-
straintsof thejoint anglescanbeappliedto prunethestate-
space,seee.g.,[2, 9, 12, 13].
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Figure1: A: Thearmrepresentedby four Euler’sanglesin a
coordinatesystemwith origin in theshoulder. Therotation
directionof theEuler’s anglesareindicatedby thearrows.
B: The referenceconfigurationsfor the first threeEuler’s
angles,i.e.,whentheanglesarezero.Notethatthetriangle
only lies in theX-Y-plane

The static constraintson the joint anglescanbe found
in many bookson anatomy. However, no universallimits
existandthefiguresdifferbetweenthedifferentbooks.This
is dueto the fact that the limits differ betweenindividuals
andby the actionscarriedout. As a compromisewe have
measuredthelimits for thefirst authorandusedthesein this
work. Therangesarelistedin table1.

Applying thestaticlimits prunethestate-spaceto � ��
��"�
1By ’size’ we meanthenumberof differentconfigurationsthatcanbe

representedby thestate-space.Thisrequiresaknown resolutionof theaxes
thatspanthestate-spaceandin this work we usea resolutionof )+*-, for
Cartesianvariablesand )/. for angularvariables.Furthermore,in orderto
presentconcretenumbersfor thepruningeffectsof thedifferentconstraints
weassumea framerateof )+02143 andthatthelengthsof theupperarmand
lower armare 57698;:#0�<+= and 57>$8;:#0�</= , respectively.

Table1: Thelegal rangesof thefour Euler’sangles.? % ?�@ ? 	 ? �
Minimum A ����B�� A ����B�� ��� C&B��
Maximum

C&B � ����� � �2C$B � ��
�� �
���&BD�E�2C$BD�E���&BF�"!+
��
��
G�H�����

different configurations. A
significantpruning,but still a largesolutionspace.

Below we show how the state-spacecanbe prunedby
applyinghigherorderkinematicconstraints,i.e., theveloc-
ity andacceleration,but first we needto definethe ranges
for theseconstraints.Their rangesdependon the activity
carriedout. For example,during hammeringvelocitiesup
to
����������I�J

and accelerationsup to
��� ��� 
���I�J @ have been

reported[4], andfor professionalbaseballpitchersveloci-
tiesabove


������ � I�J
have beenreported[6, 7]. In this work

we consider”normal” activities andbaseour limits on the
work by Au andKirsch [1]. They presentmeasurementsof
thevelocitiesandaccelerationsduringthree”normal” activ-
ities: serial single joint movements,reachingmovements,
and drawing movements. From their resultswe find the
maximumvelocity to be

C&������I�J
andthe maximumaccel-

erationto be
�FC&�������2I�J @

.

2.1. Including Higher Order Kinematics
The calculationsof how higherorderkinematicscanlimit
therangesof thefour joint anglesaresimilar andtherefore
only shown for the generalcase,

?
. The calculationsfor

?
aredivided into two partsthoseresultsyield K ? , i.e., the
maximumdisplacementof

?
. In thefirst partthemaximum

changein the positive rotationdirection,denotedKML ? , is
found. The secondpart concernsthe maximumchangein
thenegative direction, KGN ? . Thecalculationsarefirst car-
ried out for K L ? .

The taskat handis to calculatethe maximumdisplace-
mentof

?
in the positive direction, i.e., KML ? , during one

framegiventhelimits on theanglevelocity, OQP�R�S , andan-
gle acceleration,T9PUR#S . The displacementin the positive
directionis in generalcalculatedas

K L ? �WV !X� �� T ' � V @ZY O ' � V (1)

where KML ? �[V !�� ? �WV ! A ? ' and
? ' , T ' , and O ' arethe

angle,acceleration,andvelocityat V �\� , respectively.
The maximum displacementin the positive direction

duringoneframeis foundasK L ? � �� T PUR#S] @ Y O ^] (2)

whereO ^ is theinitial velocity. Sincethevelocityis lim-
ited, equation2 only applyaslong asthe currentvelocity,
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O , is lessthanthemaximumvelocity, i.e., O`_aO PUR#S . To
evaluatethis, the time, V % , it takes to reachthe maximum
accelerateis foundas

O PUR#S � T PUR#S � V % Y O ^cb V % � O�PUR#S"AdO ^T PUR#S (3)

After this time theaccelerationis zeroandthedisplace-
mentis foundas K L ? � OQP�R�S�� �eI ] AfV % ! (4)

which only applywhenV % _ �] b O ^hg O P�R�S A T PUR#S] (5)

Thedisplacementcannow beexpressedas

K L ? �
ijjjjk jjjjl
%@4mon4p+qr�s Yut4vr
if OM^xwFO PUR#S A monyp+qr%@ T PUR#S V @ % Y O ^�V % Y O PUR#S � �eI ] AzV % !
if OM^ g O PUR#S A m nyp+qr (6)

Writing equation6 asa functionof O ^ yields

K L ? �{O ^ !|�
ijjjjjjk jjjjjjl
%r O ^ Y %@7monyp+qr s
if OM^xwFO PUR#S A m nyp+qrN %@ mon4p+q � O�^ s Y t nyp/qmonyp/q � OM^ Yt nyp/qr A t snyp+q@ monyp/q
if OM^ g OQPUR#S"A monyp+qr (7)

Insertingthevaluesfrom footnote1, OQPUR#S}AGT9PUR#S I ] ��
, i.e., thefirst expressionof equation7 is usedwhen O�^"w�
andtheotheronewhen O ^ g � . Altogetherthemaximum

displacementasa function of O ^ is shown asthe topmost
curvein figure2.

The maximumdisplacementin the negative direction,K N ? , canbe calculatedin a similar mannerandthe result
is illustratedasthe lower curve in figure2. Thecombined
displacement,K ? , asa functionof O ^ is definedasthearea
betweenthetwo curvesin figure2. This is denotedtherel-
ative displacementof

?
. Theabsolutedisplacementdefines

theallowedinterval for
?

andcanbefoundas~ �a� ~ P����E� ~ PUR#Se� ���max� ? P����E� ? ^ Y K N ?�� �
min � ? PUR#S�� ? ^ Y K L ?�� � (8)

where
? ^ is the valueof the joint anglein the previous

frame,and
? P���� and

? PUR#S aredefinedin table1. Themin-
imum and maximumvaluesof

?
in the currentframe are
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Figure2: Theupperandlowerboundsof thedisplacements.

denoted
~ P���� and

~ PUR#S , respectively. In somesituations,
e.g.,when

? ^ � ? P�R�S}� OM^ g ��������I�J a suddenstopof
themovementof thehandis requiredto obey thekinematic
constraints.Obviously, this is not realisticanda minimum
intervalwhereinthehandis boundto beis thereforedefined
to beequalto theminimumvalueof K ? , i.e.,

�����
. Equation

8 is thereforeexpandedto

~ �
ijjjjjjk jjjjjjl
� ? PUR#S"A ��� � ? P�R�S�� if � ~ PUR#S"A ~ P���� ! _ ���� ~ P���� g ? P����� ? P���� � ? P���� Y ��� � if � ~ PUR#S A ~ P���� ! _ ���� ~ PUR#S _ ? PUR#S� ~ P���� � ~ PUR#S � otherwise

(9)

Expression9 andfigure2 clearly show the effect of in-
cluding thehigherorderkinematicconstraintsin the prun-
ing. In fact, in worst casethe sizeof the solutionspaceis
now � C����M�"!+��� B��h�&����� which is a factor323smallercom-
paredto usingmerelytheconstraintslistedin table1.

3. Local ScrewAxis Model
Evenwhenthevelocity andaccelerationlimits areconsid-
ered,theresultingsolutionspaceis still too largefor anex-
haustivesearch.In this sectionwe thereforedescribeanal-
ternativeapproachto modellingthearmandshow how this
novel modelcanbepruned.

An alternative to the Euler’s anglesrepresentationis to
applythescrew axisrepresentation.It is notdirectly related
to the anatomicjoints, but neverthelesshasthe sameabil-
ity to representall the differentarm configurationsas the
Euler’sanglesrepresentationhas.Thisrepresentationis ap-
plied in roboticsandcomputergraphicsandrecentlyalsoin
thecomputervision community[3] [8].
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The representationis basedon Chasles’theorem[14]
which looselystatesthata transformationbetweentwo co-
ordinatesystemscanbe expressedasa rotationaroundan
axis,calledthescrew axis(or helicalaxis),andatranslation
parallelto the screw axis. In the context of modellingthe
humanarmthescrew axis is definedasthevectorspanned
by theshoulderandthehand.Thepositionof theelbow is
definedasa rotation, � , of aninitial elbow positionaround
the screw axis [10]. As the lengthof the upperandlower
armarefixedno translationis requiredparallelto thescrew
axis,andthe perpendiculardistancefrom the elbow to the
screw axis is independentof � andcanbecalculatedwith-
out addingadditionalparameters.Altogethertherepresen-
tation requiresfour parameters.Threefor the positionof
thehand,� S �/��� , and ��� , to definethescrew axisandone
for therotationaroundthescrew axis, � .

In orderto achieveasmallersolutionspaceweintroduce
two assumptions.Firstly, we assumethat we areworking
with a calibratedcamera.Secondly, we assumewe canal-
ways locatethe handin the imageby utilising skin-color
segmentation.Combiningthetwo we canmaptheposition
of thecentroidof thehandfoundin theimageto a line, � , in
spacepassingthroughthehand.A ����WV !Z� A�� Y V � A �� (10)

where
A��

is thefocalpointof thecameraand
A ��

is aunit
directionvector. In otherwords,given the positionof the
handin the image,we only requireone free parameterto
representits 3D position,namelythe displacement,V . For
eachvalueof V thepositionof thehand

A �� is defined.This
meansthat we might aswell useany of the entriesin

A ��
to representthe freeparameter. In this work we use ��� as
thefreeparameter. So,for eachvalueof �M��V andtherefore
also � S and ��� areuniquelydetermined.By applyingthis
conceptto the screw axis representationwe caneliminate
the parameters� S and �M� which leave us with just two
parameters,namely � and ��� , to model the configuration
of the arm. We denotethis novel model the local screw
axis model. For eachnew imagea uniqueinstanceof the
solutionspaceexists,hencethename”local”.

In thelocalscrew axismodel � is boundedby onecircle-
sweep(

��� A ������� ) while �M� is boundedby � the total
lengthof the arm. Given the beforementionedvalues,see
footnote1, we have a solutionspacecontaining

CQ� �&���������
differentsolutions.A largereductionin thesizecompared
to that producedby Euler’s angles,but still a hugespace.
Therestof this paperis thereforedevotedto applyingcon-
straintsto prunethe local screw axis model. The pruning
falls in two categories,four constraintsthatprunes��� and
two constraintsthatprunes� .

4. Pruning ���� � is prunedfirst by threestaticconstraintsandthenby one
dynamicconstraint.

The first constraintstatesthat the distancebetweenthe
3D handpositionandtheshoulderneedsto belessthanthe
total lengthof the arm, hencethe handposition is limited
by a spherecentredin the shoulder. To calculatethe al-
lowedinterval for ��� we find whereequation10 intersects
thesphere,yielding

� � Y V @ � � �hwF���hw � � Y V % � � �
The secondconstraintis an angleconstraint.Whenthe

positionof thehandin theimageis to theleft of theshoul-
der �[��S g �&! , seefigure1.A, � � canbeprunedusingthe
limits on

? % . The limitations on the anglemeans,among
otherthings, that the upperarm canonly rotate

C&B �
back-

wards.Togetherwith thelimitationsof theotheranglesthe
minimum �M� positionsof the handis boundto be limited
by
? % in thefollowing way: tan� C$B��2!������� q , wherethean-

gle is measuredfrom theX-axis. Insertingequation10 and
isolating V allowsusto calculatethesmallestvalueof ��� as���2� P���� � � � Y V � � �

The final static constraintpruning � � is an occlusion
constraint. Whenthe positionof the handin the imageis
to the right of theshoulder �[��S w ��! the handis likely to
bein front of theheador torso.If this is thecase� � canbe
prunedby finding theintersectionbetweenequation10 and
a representationof the headand torso, respectively. The
torso is modelledusingan elliptic cylinder with its semi-
axes( ¡ and ¢ ) parallelto the £ and � -coordinateaxesshown
in figure1. Theheadis modelledasanellipsoidwith semi-
axes ¤ , ¥ , and ¦ , where ¤ � ¦ [10]. Equation10 is inserted
into both the equationof the ellipsoidandelliptic cylinder
and solved with respectto V . If V is real and its § -value
belongsto oneof the shapes,the limits on ��� is foundas� �2� P���� � � � Y V � � � .
4.1. Dynamic Constraint for ¨d©
Thetaskat handis to find thelargestandsmallestvalueof� � , giventhehigherorderkinematicsandthevaluesof

? %
and

? � in thepreviousframe2,
? ^% and

? ^� .
Usingtheanglesillustratedin figure3 yields

����� ? % � ? � !|� A � �[ª/«�¬­� ? % !7� T9® Y ª/«�¬y�{¯ @ !7� Tc° ! (11)

where ¯ @ � ? % A ��
��&� Y ? � . The changeof sign is
necessarydueto thedefinitionof therotationdirections,see
figure1. Theminimumandmaximumvaluesof ���$� ? % � ? � !
arefound by partial differentiationof ��� andsettingboth
expressionsequalto zero.Thatis

2Weignore ±³² and ±/´ aswehave beenunableto find asimplesolution
if all four anglesareconsidered.We herepresenta conservative solution
by assumingthatall movementstake placein theX-Z-plane.
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µµ ? % � � � ? % � ? � !}�¶� bA¸·�¹�ª ? % � T ® Y ·�¹&ª�� ? % Y ? � !7� T ° �\� (12)µµ ? � �M�$� ? % � ? � !}� ·�¹&ª�� ? % Y ? � !7� Tc° �\� (13)
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Figure3: Theanglesusedto calculatetheaveragepruning
effect.

It follows that global extrema are found when
? % ��xº ��� � ? � �»��
��&�

. This intuitive result meansthat the
global extremaareeitheroutsideor on the bordersof the
legal region definedby the limits of

? % and
? � , seeexpres-

sion9. Only saddlepointsmaybe found insidethe region
meaningthat theminimumandmaximumvaluesof � � al-
wayswill be locatedon the borders.The four bordersare
thereforeinvestigatedoneat thetimeandtheminimumand
maximumvaluesarefound.

For the borderwhere
? � is fixed to its maximumvalue,

i.e.,
? � � ~ � � PUR#S , thefollowing equationis solved¼¼ ? % � � � ? % � ~ � � PUR#S !Z�¶� bA¸·2¹�ª�� ? % !7� T ® Y ·�¹&ª2� ? % Y ~ � � P�R�S !7� T ° �¶� (14)

Theequationcanberewrittento thetranscendentalequa-
tion which hastwo solutions

? % � % and
? % � @ [10]. If thesolu-

tionsarewithin thelegal interval of
? % for thecurrentframe� � ~ % � P���� � ~ % � P�R�S � ! theminimumvalue, ½ % , andmaximum

value,¾ % , for theborderarefoundas

½ % � min ��� � � ? % � % � ~ � � PUR#S ! �/� � � ? % � @ � ~ � � PUR#S ! �� � � ~ % � P����E� ~ � � PUR#S ! �/� � � ~ % � P�R�S�� ~ � � PUR#S ! � (15)¾ % � max�����&� ? % � % � ~ � � PUR#S ! �/���&� ? % � @ � ~ � � PUR#S ! ����$� ~ % � P���� � ~ � � PUR#S ! �/���&� ~ % � P�R�S � ~ � � PUR#S ! � (16)

Note that the valuesof the cornersof the legal interval
is includedto handlethesituationwherelessthantwo local
extremacanbefound.

Theminimumandmaximumfor thethreeotherborders
are found in a similar manner. The overall minimum and
maximumvaluescannow befoundas

min ���M�&� ? % � ? � ! � �
min ��½ % �¿½ @ �/½ 	 �/½ � � (17)

max���M�&� ? % � ? � ! � �
max�2¾ % �(¾ @ �(¾ 	 �+¾ � � (18)

Sincethis constraintis calculatedwithout taking
?�@

and? 	 into consideration,the intervals in 17 and18 are rela-
tivewith respectto theactuallyvalueof ��� in theprevious
frame, �f^� . Thepruningof �M� is thereforegivenas

� ^� A min ��� � � ? % � ? � ! � wÀ� � wÀ� ^� Y
max������� ? % � ? � ! � (19)

5. Pruning Á
In this sectionwe will describetwo constraintsthat prune� . Firstacollisionconstraintandthenaconstraintbasedon
thelimits on thejoint angles.

The fact that two body partscan not occupy the same
spaceat thesametime providesa collision constraint.This
constraintis appliedfor eachnon-pruned��� -valueandit is
thereforeimportantto haveananalyticsolutionwhicheval-
uateall � -valuesat a time insteadof oneat the time. To
obtainthis two simplificationsareintroduced.First,acolli-
sionis definedasaconfigurationwheretheelbow is collid-
ing with the torsoor head.Second,the torsoandheadare
modelledasonerectanglein theX-Z-plane[10]. For each
valueof ��� the elbow describesa circle in spaceand, in
general,anellipsein theX-Z-plane.Theprunedinterval of� is foundas

� � % �¿� @ � where � % and � @ aretheintersection
points (if any exist) betweenthe ellipseand the rectangle
(ignoringtheY-component).

5.1. Pruning Â using the Joint Angle Limits

Thetaskathandis for acertainvalueof � � , i.e.,
A �� , to find

a relationshipbetweenthe four joint anglesand � , so that
the limitations from section2 may be appliedto limit the
rangeof � .

First of all it is notedthat
? � canbecalculatedfor each�[�����/� ! set and needsto be within

� ~ � � P���� � ~ � � PUR#S � �� C$B�� � ��
���� � . If not, thecurrentvalueof ��� canbe ignored
altogether.

The approachusedto find a relationshipbetweenthe
remainingthreeanglesand � is basedon the idea of ex-
plaining how to rotatethe referencetriangle in figure 1.B
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into the currenttriangle. The rotationcanbe describedbyÃ � ? % � ?e@ � ? 	 ! andby
Ã �[� ! . As the two rotationswill be

equala relationshipbetweenthejoint anglesand � is given
by
Ã � ? % � ? @ � ? 	 !|�\Ä �{� ! .
The former rotation is an Y-Z-X Euler’s anglesrota-

tion, i.e.,
Ã � ? % � ? @ � ? 	 !}� ÃDÅ � ? % !y� ÃDÆ � ? @ !y� ÃDÇ � ? 	 ! whereÃDÅ � ? % ! is therotationof

? % aroundtheY-axisetc.

5.1.1 Finding
Ã �{� !

Five rotationsareusedto align the referencetriangle,see
figure 1.B, with the currenttriangle, i.e., poseof the arm.
The first rotation is to align the shoulder-hand-lineof the
referencetriangle,

A����È , with the X-axis. The rotation is
doneusing

Ã Æ �ÊÉ % ! whereÉ % � A¸ª/«�¬ N %�Ë Tc°�ª/«�¬y� ? � !Ì�Ì Ae���È Ì�ÌÎÍ (20)

and
Ì�Ì Ae�� È Ì�Ì � Ì�Ì A �� Ì�Ì

Next, thetriangleis rotated
��
�� �

abouttheX-axis. The
thirdandfourthrotationsaligntheshoulder-hand-lineof the
referencetrianglewith the currentshoulder-hand-line,

A �� .
This is doneby first rotating aroundthe Z-axis and then
aroundthe Y-axis by

Ã Æ �ÊÉ @ ! and
Ã Å �ÊÉ 	 ! , respectively.

The rotationanglesarefound as É @ � ª+«�¬ N %cÏ ��ÐÑ
Ñ N Ò� Ñ
ÑÔÓ andÉ 	 �¶Õ¿Ö ¬ N % Ï �×�� q Ó .

The shoulder-hand-lineof the referencetriangle is now
alignedwith theshoulder-hand-lineof thecurrentconfigu-
ration, i.e.,

A����È is alignedwith
A �� . Finally thepositionof

theelbow in thereferencetriangleneedsto bealignedwith
thecurrentelbow position.This is doneby rotatingtheref-
erencetrianglearound

A �� with � degrees.For this purpose
theRodriques’formula[5] is applied.It rotatesa vector

A��� degreesabouta unit vector
A �Ø

to anew vector
AÔA
��hÙA�AÚ�� Ù � A�� ·�¹�ª��[� ! Y ª+«�¬y�{� ! � A �Ø Û A�� ! Y� � AÜ·�¹�ª��[� !+! � A �Ø � A�� ! A �Ø

(21)

The unit vector is given as
A �Ø � N Ò�Ñ
Ñ N Ò� Ñ
Ñ and

A�AÚ��hÙ
is the

currentpositionof theelbow
A �Ý

.
A��

is thetoppoint (highest
Y-value)of thecurrent � -circle andis denoted

AWA��ÝcÞ
. Dueto

therotation,
ÃDÇ � ��
�����! , theelbow of thereferencetriangle

is alwaysin thetopmostposition(with respectto y). Equa-
tion 21 canbewritten in matrix form as

A �Ý � Ãàß �[� !×� A[A��Ý Þ
[10].

Theoverall rotationneededto align the referencetrian-
glewith thecurrenttrianglein termsof � is givenasÃ �{� !}� Ã ß �[� ! ÃDÅ �ÊÉ 	 ! ÃDÆ �{É @ ! ÃDÇ � ��
�� � ! ÃDÆ �{É % ! (22)

5.1.2 Relating (
? % ,?�@ ,? 	 ) and �

After
Ã � ? % � ?e@ � ? 	 ! and

Ã �{� ! arefoundtherelationshipbe-
tweenthethreejoint anglesand � canbefound. As stated
above

Ã � ? % � ?�@ � ? 	 !�� Ã �{� ! . For eachof the nineentries
in the matricesa trigonometricequationrelating the joint
anglesand � exists. We apply the entriesshown below to
find asolution.

ª/«�¬y� ?e@ !|� ¡ % � ª/«�¬y�[� ! Y ¢ % � ·2¹�ª2�{� ! Yâá % (23)·2¹�ª�� ? % ! ·�¹�ª�� ?e@ !|� ¡ @ � ª/«�¬y�[� ! Y ¢ @ � ·2¹�ª2�{� ! Yâá @ (24)·2¹�ª�� ?e@ ! ·�¹�ª�� ? 	 !|� ¡ 	 � ª/«�¬y�[� ! Y ¢ 	 � ·2¹�ª2�{� ! Yâá 	 (25)

where ¡ � , ¢ � , and
á � are found from

A �� , and therefore
constantfor eachvalueof ��� .
Relating

?e@
and �

Finding the legal setof � in accordancewith the limits
on the threejoint anglesis doneby first finding the legal
setsfor eachjoint angleandthencombiningthem.

First, it is calculatedhow
?e@

limits � usingequation23.
The legal interval of

?e@
is
� ~ @ � P���� � ~ @ � P�R�S � as definedin

2.1. All legal valuesof � have to satisfy equation23 so
that

?e@zã � ~ @ � P���� � ~ @ � PUR#S � . In figure 4 this is illustrated.
Thesine-curveis theright hand-sideof equation23andthe
straightlinesareminimum-andmaximumvaluesof theleft
hand-sideof equation23. Foran � valuetobeacceptedV��[� !
needsto bewithin theshadedarea.Theshadedpartsof the� -axisindicatethelegal intervalsof � .

θ

360
o

θ

α

max{sin(   )}

min{sin(   )}

2

2

t(  )α

Figure4: Illustratingtherelationshipbetween
? @

and � .

Dueto themonotoniccharacteristicsof ª/«�¬4� ?e@ ! theesti-
mationof thelegal intervalsaresplit up into threeparts,one
for
?�@�ã �2A � � � � �2Acº � � � onefor

?e@"ã �2A�º � � �¿º � � � andone
for
? @ ã �äº �&� � � � �&� � . Theseintervals aredenotedå % , å @ ,

and å 	 , respectively. Combiningå % and
� ~ @ � P����E� ~ @ � PUR#S�� ,å @ and

� ~ @ � P����E� ~ @ � PUR#S�� , and å 	 and
� ~ @ � P����E� ~ @ � PUR#S�� ,

the legal intervals usedto define the shadedareain fig-
ure 4 are found as � % � � ~ @ � P����E� ~ @ � PUR#S���ædå % , � @ �� ~ @ � P���� � ~ @ � PUR#S �4æ¸å @ , and � 	 �»� ~ @ � P���� � ~ @ � PUR#S �4æ å 	 ,
respectively. Within thesesetsª/«�¬y� ?e@ ! is definedas
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� %�ç ª+«�¬y� ?e@ ! ã � ª/«�¬y� max��� % � ! �/ª/«�¬4� min ��� % � ! � (26)� @ ç ª+«�¬y� ?e@ ! ã � ª/«�¬y� min ��� @�� ! �/ª/«�¬4� max��� @�� ! � (27)� 	"ç ª+«�¬y� ?e@ ! ã � ª/«�¬y� max��� 	 � ! �/ª/«�¬4� min ��� 	 � ! � (28)

In thefollowing thecalculationsfor � % areshown. In the-
ory threedifferentsolutiontypesexist whensolving equa-
tion 23. The first is whenthe shadedareado not intersect
with V��[� ! meaningthat the arm cannotbe in the configu-
ration definedby the currentvalueof � � . In this caseno
further calculationsarenecessary, hence

�����&è
pruningof� . In the secondcase� is not constrainedby
? @

, i.e.,
? @

do not prune � . This occurwhenall of V��[� ! is insidethe
shadedarea. In the third casethe lines andthe curvesin-
tersect.To decidewhetherthey intersecttheminimumand
maximumvaluesof V��[� ! is found andcomparedwith the
boundariesof theshadedarea.

If at least one boundaryintersectsthe sine-curve, the
intersectionpoints are found by solving equation23 forª+«�¬­� ? @ !M� ª/«�¬4� min ��� % � ! and ª/«�¬4� ? @ !�� ª/«�¬y� max��� % � ! , re-
spectively. Sincethe left-handside of both equationsare
constantthe equationcan be re-written to transcendental
equationseachwith two solutions[10]. For eachequation
zero,one,or two intersectionpointsare found, hencebe-
tweenoneandfour � valuesaltogether. Thesearetogether
with the two extremaof � (0 and

�������
) placedin a list

andsortedaccordingto their magnitude.Dependingon the
signsandmagnitudeof thecoefficientsin equation23 and
thevaluesof � , theintervalbetweentwo consecutivevalues
in thelist is eitherlegalor illegal. Insteadof settinguprules
it is easierto usethemonotoniccharacteristicsof thecurve
andevaluatingonepoint in eachinterval. If andonly if this
point is legal, theinterval is legal. In otherwords

� ã � � � �¿� � L % � if V��+�{� � Y � � L % !¿I���! ã� ª/«�¬4� min ��� % � ! �¿ª+«�¬y� max��� % � ! � (29)

where � � is thei’ th valuein thesortedlist.
Altogethertheunionof thelegal intervalsdefinesthele-

gal setof � with respectto � % . Similar calculationsarecar-
ried out for � @ and � 	 andthe unionof the threeresultsde-
finesthelegal setof � -valueswith respectto

?e@
. This setis

denotedéxê s
Relating

? % and �
To calculatehow

? % limits � equation24 is applied.
Sincetwo joint anglesarepresentin thisequation,thelegal
intervals �ä� aredefinedover two variablesratherthanone,
hencea legal region. This canresultin moreintervalsdue
to morecomplex monotoniccharacteristics,but otherwise
thecalculationsaresimilar to thoseexplainedabove.

In orderto find the legal regionsthe monotoniccharac-
teristicsareinvestigated.This is carriedout by calculating
the partial derivativesof the left handsideof equation24
andsettingthemequalto zero. This yields local extrema
for eachvariablealong the lines

? % � Acº � � , ? % �ë� �
,? @ � Acº ��� , ? @ ����� , and

? @ � º ��� . Theextremafor the
combinedvariables,i.e., ·2¹�ª2� ? % ! ·2¹�ª�� ? @ ! , arelocatedwhere
the lines intersect.Togetherwith the legal intervalsof the
two joint angle,

� ~ % � P���� � ~ % � PUR#S � and
� ~ @ � P���� � ~ @ � P�R�S � , the

linesform a grid whereineachrectangleconstitutesa legal
region, � � .

Within eachlegal region the valueof the left handside
of equation24 is monotonewith minimum andmaximum
definedas

� � ç ·�¹&ª2� ? % !7� ·2¹�ª2� ?e@ ! ã �min � á � � % � á � � @ � á � � 	 � á � � � � �
max� á � � % � á � � @ � á � � 	 � á � � � � � (30)

where
á � � % �2�2� á � � � arethevaluesof thefour cornersdefin-

ing thei’ th legal region,e.g.,
á � � % � ·�¹&ª2� �&��!×� ·�¹&ª2� �&��!}�ì� .

Having found the legal regions, � � , andtheir maximum
andminimum values,the calculationsaresimilar to those
describedabove. The result is a setof legal � -valueswith
respectto

? % and
? @

. This setis denotedé ê/í .
5.1.3 GeneralPruning Effect of

? % , ?e@ , and
? 	

To calculatehow
? 	 limits � equation25 is applied. The

calculationof éxê(î is exactly thesameaswhencalculatingé�ê í . Altogetherthe threejoint anglesconstrain� to be in
theset é definedas é � é�ê í æ;é�ê s æïé�ê+î .
6. Results
Theresultsof thiswork is thepruningeffectsof thedifferent
constraints.

How much a particular constraintprunesthe solution
spacedependson the currentpositionof the handandthe
previously estimatedconfigurationof thearm3. It is there-
fore not possibleto statea generalpruningeffect but in the
upperpartof table2 theintervalsof thepruningeffectsare
shown togetherwith theaverageeffects[10].

Sincethe constraintsaredependentit is not possibleto
calculatea generalaccumulatedeffect. Insteadthe total
minimum,maximum,andaverageeffectscanbeestimated,
seethelower partof thetablefor thenumbersand[10] for
furtherinformation.

If we ignoreall constraintsthe local screw axis model
contains � �������������d�"!-CQ� �&�M�Q����� differentconfigurations.
Applying thetotal pruningeffectslisted in table2 we have

3Theeffectof thethreefirst andthelastconstraintsalsodependsonthe
positionof thecamera,but for simplicity it is assumedthat thecamerais
perpendicularto thetorsoandinfinitively far away.
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Table2: Thedifferentconstraintsandtheir pruningeffects.
PruningEffects

Par. Typeof constraint Min. Max. Avg.� � Distanceconstraint 0% 100% 48%� � Angleconstraint 0% 50% 25%� � Occlusionconstraint 0% 57% 20%�M� Temporalconstraint 51% 92% 77%� Collisionconstraint 0% 100% 35%� Jointangleconstraint 75% 100% 85%�M� Totaleffecton ��� 51% 100% 80%� Totaleffecton � 75% 100% 86%� , � � Totaleffect 88% 100% 97%� , � � Totaleffect (static) 75% 100% 92%

asolutionspacecontainingbetween0 and
B�����
7�-����	

distinct
configurationsand

��� ���Ô��� 	
onaverage.And if theresolution

is setto e.g.,
� á#ð

for ��� and
B��

for � , thenwe have
B�����
"���� @

configurationsin worstcaseand
��� ���x����� @

on average.

6.1. Temporal Aspects
All calculationsinvolving temporalinformationarebased
on a framerateof

���
Hz. If the framerateis increasedthe

pruningeffectsof the fourth andfifth constraintswill im-
prove. If theframerateis decreasedthepruningeffectswill
decrease.In situationswherethe framerateis unknown or
changingthe resultsof the fourth and fifth constraintbe-
comeunreliable.We thereforeestimatethe total effectsin
thecasewe ignoreall temporalinformation,hencewe ap-
ply
? ã � ? P���� � ? P�R�S � ratherthan

?fã � ~ P���� � ~ PUR#S � in the
fourth and fifth constraints. The resultsof the combined
effectsarelistedin table2 (static)[10].

Without thetemporalconstraintstheabsolutesizeof the
solutionsspacewill be between0 and

��� ��
à�E�����
distinct

configurationsand
��� C��U������	

onaverage.And if theresolu-
tion is setto e.g.,

� á#ð
for � � and

B��
for � , thenwe endup

with
��� ��
��&��� @

configurationsin worstcaseand
��� C����$��� @

onaverage.

7. Discussion
In thispaperwehaveshown how high-level knowledgecan
beappliedto reducethesizeof the state-spaceof thearm,
bothin termsof thedimensionalityandin termsof thenum-
berof differentconfigurations.Ourapproachis to usekine-
maticconstraintsandour reductionis thereforenot with re-
spectto someapplicationor trainingdatabut very general.
In otherwords,we only pruneimpossibleconfigurationsas
opposedto improbableconfigurations.

Our maincontribution is thelocal screw axismodeland
thepruningof this representation.Themodelallowsa very
efficient representationof thearmwhich in termmayallow
for an exhaustive searchin the solution space. A second

contribution is section2.1which showshow to incorporate
velocityandaccelerationconstraintsinto theEuler’sangles
representation,i.e., a contribution independentof the local
screw axismodel.

One issuethat needsto be stressedwith respectto the
local screw axismodelis theassumptionthat thehandcan
alwaysbesegmentedin theimage.In situationswherethis
fails one shouldeither apply predictedvalues(only for a
limited amountof frames)or switchto thestandardEuler’s
anglesrepresentationor screw axisrepresentation,andcon-
tinuethetrackingin oneof thesestate-spacesuntil thehand
canbedetectedonceagain.
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