Appendix A

Review of Additional Papers

Since this thesis outdates the survey presented in chapter 3 by more than two years
we felt the need to update the survey. We therefore reviewed 70 new papers cov-
ering the period from September 2000 up until December 2002. The information
gathered from these papers has not been digested as thoroughly as is the case for
the previously reviewed papers. Instead we have focused on providing an overview
of recent work by presenting the reviewed papers in tables similar to tables 3.1 and
3.5.

Recall from chapter 3 that all computer vision-based human MoCap papers can
be described with respect to the general structure in figure 3.1. The structure
contains four processes; initialisation, tracking, pose estimation, and recognition.
All the papers reviewed for this appendix are listed in table A.1 with respect to the
structure. The papers are ordered first by the year of publication and second by the
surname of the first author. Four columns allow the clarification of the contributions
of the papers within the four processes. The location of the reference number (in
brackets) indicates the main topic of the work and an asterisk (*) indicates that the
paper also describes work at an interesting level regarding this process.

Besides listing the papers with respect to the four processes we furthermore list the
subset of papers that apply a ’direct model use’ in the pose estimation process, see
section 3.5.3. This means that an a priori model of the human is used as the model
representing the observed subject. We list this subset primarily due to the fact that
we also apply a direct model use in this thesis. In table A.2 the subset is listed.
The table consists of 7 columns. The first and second column states the publication
year and first author. The third shows how the human is modelled. The fourth
shows the number of parts in the model. The fifth shows which part of the subject
is analysed. The sixth shows which abstraction level the system works at and the
last shows the dimensionality of the pose estimated data. More details can be found
in chapter 3.

As stated above we have not digested the papers in this appendix as thoroughly
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as previously and will therefore not discuss the newly reviewed papers. However,
we will mention one important issue that became clear during the review of the
recent papers. This is the trend towards applying sequential Monte Carlo (SMC)
methods in computer vision-based MoCap in general and in pose estimation in
particular. The motivation is primarily to handle the often incorrect assumption
that the estimated state of an object and its uncertainties can be modelled by a
multivariate Gaussian. Applying SMC allows for multiple hypotheses in the state-
space, hence no Gaussian assumptions. A side effect is that the state-space can
be searched in a more efficient manner, compared to standard iterative methods.
Again, the reason being that multiple extrema do not pose a problem for the SMC
methods, i.e., no Gaussian assumptions. SMC methods are implemented under
different names, where especially the Condensation algorithm and the particle filter
are popular. In chapter 8 a more detailed review of SMC methods can be found.

Year  First author  Initialisation Tracking Pose estimation Recognition

2000 Barron 4]

2000 Buades 8]

2000 Chang * 9] *
2000  Davis [13]

2000  Deutscher * [15]

2000 Howe * [25]

2000  Ormoneit [43] * *

2000  Ricquebourg [53] *
2000 Takahashi [64] *

2000  Trivedi [66]

2000  Trivedi * 67]
2001 Ambrosio [1]

2001  Ambrosio 2]

2001  Barron [5]

2001  Choo [11]

2001  Delamarre * [14]

2001  Elgammal * [16]

2001  Grammalidis * [19]

2001  Haritaoglu * [22]
2001 Herda * * [23]

2001  Hoshino * [24]

2001  Huang * [26]

2001 Intille 28]
2001  Toffe * [29]

2001  Khan [31]

2001 Li [32]

2001  Mikic * * [36]

2001 Moeslund * [38]
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Year

First author

Initialisation Tracking Pose estimation Recognition

2001
2001
2001
2001
2001
2001
2001
2001
2001
2001
2001
2001
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002
2002

Moon
Ogaki
Pece
Plankers
Rosales
Sangi

Sato
Sidenbladh
Sminchisescu
Song

Song

Zhao
Atsushi
Ben-Arie
BenAbdelkader
Cheng
Davis

Fua
Gleicher
Halvorsen
Hariadi
Huang
Jang

Li
Metaxas
Mikié
Mittal
Moeslund
Montemerlo
Ozer

Pece

Pers
Plankers
Rao

Ren
Rittscher
Roberts
Sidenbladh
Sminchisescu
Theobalt
Utsumi
Wang

*
*

¥ X Kk X X

* %

[41]
[42]

[49]

* %

ooy ot ot
oo 0 o

2.

Total=70

3

37

10

Table A.1: Publications after September 2000 and their relation to the taxonomy
in the survey.
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Year First author Model type Parts Obj. Ab. level Dim.
2000 Barron [4] Stick-Figure 22 Body Joints 21
2000 Deutscher [15] Truncated Cones 17 Body Edge/Silhouette 3
2000 Howe [25] Planar Patches 14 Body Motion 3
2001 Ambrosio [1] Stick-Figure 16 Body Joints 3
2001  Ambrosio [2] Stick-Figure 16 Body Joints 3
2001 Barron [5] Stick-Figure 22 Body Joints 21
2001  Choo [11] Stick-Figure 12 Body Joints 3
2001 Delamarre [14] Cones/Spheres 15 Body Contours 3
2001 Grammalidis [19] Ellipsoids 3 Arm Depth 3
2001 Herda [23] Stick-Figure 14 Body Joints 3
2001 Huang [26] Cylinders 10 Body Silhouettes 3
2001 Li [32] Truncated Cones 9 Body Silhouettes 3
2001  Mikié [36] Ellipsoids 10 Body Depth 3
2001  Moeslund [38] Cylinders 2 Arm  Silhouettes 3
2001  Moon [41] Truncated Cones 15 Body Edges 3
2001  Ogaki [42] Stick-Figure 6 Arms Silhouettes 3
2001 Plénkers [48] Ellipsoids 25 Body Depth/Contour 3
2001 Sidenbladh [58] = Truncated Cones 4 Arms Edges/Motion 3
2001  Sminchisescu [61] Ellipsoids 15 Body Edges/Motion 3
2001  Song [62] Stick-Figure 15 Body Joints/Motion 2
2002 Ben-Arie [6] Ellipsoids 9 Body Texture 2
2002 Fua [17] Ellipsoids 25 Arms Depth/Contour 3
2002 Halvorsen [20] Discs 28 Legs Edges 3
2002 Huang [27] Planar Patches 10 Body Motion 2
2002 Mikié [35] Ellipsoids 10 Body Depth 3
2002 Plénkers [49] Ellipsoids 25 Arms Depth/Contour 3
2002 Roberts [55] Truncated Cones 14 Body Texture 3
2002 Sidenbladh [59] Truncated Cones 10 Body FEdges/Motion 3
2002  Sminchisescu [60] Ellipsoids 15 Body Edges/Silhouette 3
2002 Theobalt [65] Cylinders (Points) 12 Body Depth 3

Table A.2: Publications after September 2000 where a human model is used directly.



Review of Additional Papers 251

Additional References

1]

[10]

[11]

J. Ambrosio, J. Abrantes, and G. Lopes. Spatial reconstruction of human
motion by means of a single camera and a biomechanical model. Journal of
Human Movement Science, 20, 2001.

J. Ambrosio, G. Lopes, J. Costa, and J. Abrantes. Spatial reconstruction of the
human motion based on images of a single camera. Journal of Biomechanics,
34, 2001.

N. Atsushi, K. Hirokazu, H. Shinsaku, and I. Siji. Tracking Multiple People
using Distributed Vision Systems. In International Conference on Robotics €
Automation, Washington, DC, May 2002.

C. Barron and I.A. Kakadiaris. Estimating Anthropometry and Pose from a
Single Image. In Computer Vision and Pattern Recognition, Hilton Head Island,
South Carolina, June 13-15 2000.

C. Barron and [.A. Kakadiaris. Estimating Anthropometry and Pose from a
Single Uncalibrated Image. Computer Vision and Image Understanding, 81(3),
2001.

J. Ben-Arie, Z. Wang, P. Pandit, and S. Rajaram. Human Activity Recognition
Using Multidimensional Indexing. IEEFE Transactions on Pattern Analysis and
Machine Intelligence, 24(7), 2002.

C. BenAbdelkader, R. Cutler, and L. Davis. Motion-based Recognition of Peo-
ple in EigenGait Space. In International Conference on Automatic Face and
Gesture Recognition, Washington D.C., USA, May 20-21 2002.

J.M. Buades, R. Mas, and F.J. Perales. Matching a Human Walking Sequence
with a VRML Synthetic Model. Lecture Notes in Computer Science 1899. Int.
workshop on Articulated Motion and Deformable Objects, 2000.

[.C. Chang and C.L. Huang. The model-based human motion analysis system.
Image and Vision Computing, 18, 2000.

F. Cheng, W.J. Christmas, and J. Kittler. Recognising Human Running Be-
haviour in Sports Video Sequences. In International Conference on Pattern
Recognition, Quebec, Canada, August 11-15 2002.

K. Choo and D.J. Fleet. People Tracking Using Hybrid Monte Carlo Filtering.
In International Conference on Computer Vision, Vancouver, Canada, July
9-12 2001.



252 Appendix A

[12] J.W. Davis and S.R. Taylor. Analysis and Recognition of Walking Movements.
In International Conference on Pattern Recognition, Quebec, Canada, August
11-15 2002.

[13] L. Davis, V. Philomin, and R. Duraiswami. Tracking Humans from a Mov-

ing Platform. In International Conference on Pattern Recognition, Barcelona,
Spain, September 3-8 2000.

[14] Q. Delamarre and O. Faugeras. 3D Articulated Models and Multi-view Tracking
with Physical Forces. Computer Vision and Image Understanding, 81(3), 2001.

[15] J. Deutscher, A. Blake, and 1. Reid. Articulated Body Motion Capture by An-
nealed Particle Filtering. In Computer Vision and Pattern Recognition, Hilton
Head Island, South Carolina, June 13-15 2000.

[16] A.M. Elgammal and L.S. Davis. Probabilistic Framework for Segmenting People
Under Occlusion. In International Conference on Computer Vision, Vancouver,
Canada, July 9-12 2001.

[17] P. Fua, A. Gruen, N. D’Apuzzo, and R. Plinkers. Markerless Full Body Shape
and Motion Capture from Video Sequences. In Symposium on Close Range
Imaging, International Society for Photogrammetry and Remote Sensing, Corfu,
Greece, September 2002.

[18] M. Gleicher. Evaluating Video-Based Motion Capture. In Conference on Com-
puter Animation, Geneva, Switzerland, June 19-21 2002.

[19] N. Grammalidis, G. Goussis, G. Troufakos, and M.G. Strintzis. 3-D Human
Body Tracking from Depth Images using Analysis by Synthesis. In International
Conference on Image Processing, Thessaloniki, Greece, October 7-10 2001.

[20] A.K. Halvorsen. Model-based Methods in Motion Capture. PhD thesis, Uppsala
University, Sweden, 2002.

[21] M. Hariadi, A. Harada, T. Aoki, and T. Higuchi. An LVQ-Based Technique
for Human Motion Segmentation. In Asia-Pacific Conference on Circuits and
Systems, Bali, Indonesia, October 28-31 2002.

[22] 1. Hariatoglu, R. Cutler, D. Harwood, and L.S. Davis. Backpack: Detection
of People Carrying Objects using Silhouettes. Computer Vision and Image
Understanding, 81(3), 2001.

[23] L. Herda, P. Fua, R. Plénkers, R. Boulic, and D. Thalmann. Using Skeleton-
Based Tracking to Increase the Reliability of Optical Motion Capture. Human
Movement Science, 20(3), 2001.



Review of Additional Papers 253

[24]

[25]

28]

[29]

[30]

[31]

R. Hoshino, S. Yonenmoto, D. Arita, and R.I. Taniguchi. Real-Time Analysis
of Human Motion using Multi-View Silhouette Contours. In The 12th Scandi-
navian Conference on Image Analysis, Bergen, Norway, 2001.

N.R. Howe, M.E. Leventon, and W.T. Freeman. Bayesian Reconstruction of 3D
Human Motion from Single-Camera Video. In Advances in Neural Information
Processing Systems 12. MIT Press, 2000.

C.L. Huang and C.C. Lin. Model-based human body motion analysis for MPEG
IV video encoding. In International Conference on Information Technology:
Coding and Computing, Las Vegas, Nevada, April 2-4 2001.

Y. Huang and T.S. Huang. Model-Based Human Body Tracking. In Inter-
national Conference on Pattern Recognition, Quebec, Canada, August 11-15
2002.

S.S. Intille and A.F. Bobick. Recogniting Planned, Multiperson Action. Com-
puter Vision and Image Understanding, 81(3), 2001.

S. Toffe and D. Forsyth. Human Tracking with Mixtures of Trees. In Interna-
tional Conference on Computer Vision, Vancouver, Canada, July 9-12 2001.

D.S. Jang, S.W. Jang, and H.I. Choi. 2D Human Body Tracking with Structural
Kalman Filter. Pattern Recognition, 35, 2002.

S. Khan, O. Javed, Z. Rasheed, and M. Shah. Human Tracking in Multi-
ple Cameras. In International Conference on Computer Vision, Vancouver,
Canada, July 9-12 2001.

B. Li, R. Chellappa, and H. Moon. Monte Carlo Simulation Techniques for
Probabilistic Tracking. In Thirty-Fifth Asilomar Conference on Signals, Sys-
tems and Computers, Pacific Grove, Californina, November 4-7 2001.

Y. Li, A. Hilton, and J. Illingworth. A Relaxation Algorithm for Real-Time
Multiple View 3D-Tracking. Image and Vision Computing, 20, 2002.

D. Metaxas. From Visual Input to Modeling Humans. In Conference on Com-
puter Animation, Geneva, Switzerland, June 19-21 2002.

I. Mikic, M. Trivedi, E. Hunter, and P. Cosman. Human Body Model Acquisi-
tion and Motion Capture Using Voxel Data. In F.J. Perales and E.R. Hancock,
editors, AMDO 2002, LNCS 2492. Springer-Verlag, 2002.

I. Mikic, M.M. Trivedi, E. Hunter, and P. Cosman. Articulated Body Posture
Estimation from Multi-Camera Voxel Data. In Computer Vision and Pattern
Recognition, Kauai Marriott, Hawaii, December 9-14 2001.



254 Appendix A

[37] A. Mittal and L.S. Davis. M2Tracker: A Multi-View Approach to Segment-
ing and Tracking People in a Cluttered Scene using Region-Based Stereo. In
FEuropean Conference on Computer Vision, Copenhagen, Denmark, 2002.

[38] T.B. Moeslund and E. Granum. Pose Estimation of a Human Arm using Kine-
matic Constraints. In The 12th Scandinavian Conference on Image Analysis,
Bergen, Norway, 2001.

[39] T.B. Moeslund, M. Vittrup, K.S. Pedersen, M.K. Laursen, M.K.D. Sgrensen,
H. Uhrenfeldt, and E. Granum. Estimating the 3D Shoulder Position using
Monocular Vision. In International Conference on Imaging Science, Systems,
and Technology, Las Vegas, Nevada, June 24-27 2002.

[40] M. Montemerlo, S. Thrun, and W. Whittaker. Conditional Particle Filter for
Simultaneous Mobil Robot Localization and People-Tracking. In International
Conference on Robotics €& Automation, Washington, DC, May 2002.

[41] H. Moon, R. Chellappa, and A. Rosenfeld. Tracking of Human Activities using
Shape-Encoded Particle Propagation. In International Conference on Image
Processing, Thessaloniki, Greece, October 7-10 2001.

[42] K. Ogaki, Y. Iwai, and M. Yachida. Posture Estimation Based on Motion and
Structure Models. Systems and Computers in Japan, 32(4), 2001.

[43] D. Ormoneit, H. Sidenbladh, M.J. Black, and T. Hastie. Learning and Track-
ing Cyclic Human Motion. In Workshop on Human Modeling, Analysis and
Synthesis at CVPR, Hilton Head Island, South Carolina, June 13-15 2000.

[44] I.B. Ozer and W.H. Wolf. A Hierarchical Human Detection System in
(Un)Compressed Domains. IEEE Transactions on Multimedia, 4(2), 2002.

[45] A.E.C. Pece. Tracking og Non-Gaussian Clusters in the PETS2001 Image Se-
quences. In Workshop on Performance Evaluation of Tracking and Surveillance,
Kauai, Hawaii, December 9 2001.

[46] A.E.C. Pece. From Cluster Tracking to People Counting. In Workshop on
Performance Evaluation of Tracking and Surveillance, Copenhagen, Denmark,
June 1 2002.

[47] J. Pers, M. Bon, S. Kovacic, M. Sibila, and B. Dezman. Observation and
Analysis of Large-Scale Human Motion. Human Movement Science, 21, 2002.

[48] R. Plankers and P. Fua. Tracking and Modeling People in Video Sequences.
Computer Vision and Image Understanding, 81(3), 2001.

[49] R. Plénkers and P. Fua. Model-Based Silhouette Extraction for Accurate People
Tracking. In Furopean Conference on Computer Vision, Copenhagen, Denmark,
2002.



Review of Additional Papers 255

[50]

[51]

[52]

[53]

[54]

[55]

[57]

[58]

M. Siddiqui R. Rosales, J. Alon, and S. Sclaroff. Estimating 3D Body Pose
using Uncalibrated Cameras. In Computer Vision and Pattern Recognition,
Kauai Marriott, Hawaii, December 9-14 2001.

C. Rao, A. Yilmaz, and M. Shah. View-Invarinat Representation and Recogni-
tion of Actions. Journal of Computer Vision, 50(2), 2002.

H. Ren and G. Xu. Human Action Recognition with Primitive-based Coupled-
HMM. In International Conference on Pattern Recognition, Quebec, Canada,
August 11-15 2002.

Y. Ricquebourg and P. Bouthemy. Real-Time Tracking of Moving Persons by
Exploiting Spatio-Temporal Image Slices. Transactions on Pattern Analysis
and Machine Intelligence, 22(8), 2000.

J. Rittscher, A. Blake, and S.J. Roberts. Towards the Automatic Analysis of
Complex Human Body Motions. Image and Vision Computing, 20, 2002.

T.J. Roberts, S.J. McKenna, and I.W. Ricketts. Adaptive Learning of Statis-
tical Appearance Models for 3D Human Tracking. In British Machine Vision
Conference, Cardiff, UK, 2002.

P. Sangi, J. Heikkila, and O. Silven. Extracting Motion Components from
Image Sequences using Particle Filters. In The 12th Scandinavian Conference
on Image Analysis, Bergen, Norway, 2001.

K. Sato and J.K. Aggarwal. Tracking and Recognizing Two-person Interac-
tions in Outdoor Image Sequences. In Workshop on Multi-Object Tracking,
Vancouver, Canada, July 8 2001.

H. Sidenbladh and M.J. Black. Learning Image Statistics for Bayesian Tracking.
In International Conference on Computer Vision, Vancouver, Canada, July 9-
12 2001.

H. Sidenbladh, M.J. Black, and L. Sigal. Implicit Probabilistic Models of Hu-
man Motion for Synthesis and Tracking. In Furopean Conference on Computer
Vision, Copenhagen, Denmark, 2002.

C. Sminchisescu. Consistency and Coupling in Human Model Likelihoods. In

International Conference on Automatic Face and Gesture Recognition, Wash-
ington D.C.; USA, May 20-21 2002.

C. Sminchisescu and B. Triggs. Covarinace Scaled Sampling for Monocular 3D
Body Tracking. In Computer Vision and Pattern Recognition, Kauai Marriott,
Hawaii, December 9-14 2001.



256 Appendix A

[62] Y. Song, L. Goncalves, and E.D. Bernardo. Monocular Perception of Biological
Motion in Johansson Display. Computer Vision and Image Understanding,
81(3), 2001.

[63] Y. Song, L. Goncalves, and P. Perona. Learning Probabilistic Structure for
Human Motion Detection. In Computer Vision and Pattern Recognition, Kauai
Marriott, Hawaii, December 9-14 2001.

[64] K. Takahashi, T. Sakaguchi, and J. Ohya. Remarks on a Real-Time, Non-
contact, Noewear, 3D Human Body Posture Estimation Method. Systems and
Computers in Japan, 31(14), 2000.

[65] C. Theobalt, M. Magnor, P. Schuler, and H.-P. Seidel. Combining 2D Feature
Tracking and Volume Reconstruction for Online Video-Based Human Motion
Capture. In Pacific Conference on Computer Graphics and Applications, Ts-
inghua University, Beijing, China, October 8-11 2002.

[66] M. Trivedi, K. Huang, and I. Mikic. Intelligent Environments and Active Cam-
era Networks. In Conference on System, Man and Cybernetics, Nashville, Ten-
nessee, October 8-11 2000.

[67] M.M. Trivedi, I. Mikic, and S.K. Bhonsle. Active Camera Networks and Se-
mantic Event Databases for Intelligent Environments. In Workshop on Human
Modeling, Analysis and Synthesis at CVPR, Hilton Head Island, South Car-
olina, June 13-15 2000.

[68] A. Utsumi and N. Tetsutani. Human Detection using Geometrical Pixel Value
Structures. In International Conference on Automatic Face and Gesture Recog-
nition, Washington D.C.; USA, May 20-21 2002.

[69] Y. Wang and G. Baciu. Human Motion Estimation from Monocular Image
Sequence based on Cross-Entropy Regularization. Pattern Recognition Letters,
(24), 2003.

[70] T.Zhao, R. Nevatia, and F. Lv. Segmentation and Tracking of Multiple Humans
in Complex Situations. In Computer Vision and Pattern Recognition, Kauai
Marriott, Hawaii, December 9-14 2001.



Appendix B

Converting Rodriques’ Formula
into Matrix Form

In this appendix a rotation-matrix representation of Rodriques’ formula is derived.
The formula rotates a vector P« degrees about a unit vector K to a new vector
P" [1]. The rotation is given as

_>
P =P cos(a) +sin(a)(K x P)+ (1 —cos(a))(K -P)K  (B.1)
The task at hand is to rewrite equation B.1 to the form
_>
P’ =R.(a) P (B.2)

— —
Denoting P = [py, py, p.])" and K = [k, ky, k.| the second expression of equation
B.1 can be rewritten as

sin(a)k,p, — sin(a)py k.,
)= | —sin(a)kyp, + sin(@)p.k, (B.3)
sin(a)k,p, — sin(a)pgk,

sin(a) (K x P’

Combining equation B.3 and the first expression of equation B.1 yields

[ sin(a)kyp, — sin(a)p,k, + p, cos(a)

P cos(a) + sin(a)(?> X ?) = —sin(a)k,p, + sin(a)p.k, + pycos(a) | =
{ sin(a)k,p, — sin(a)pyky, + p, cos(a) J (B.4)
cos(a)  —sin(a)k, sin(a)k, N '
P cos(a) + sin(a)(?> X ?) = sin(a)k, cos(a)  —sin(a)k, | - P
—sin(a)k, sin(a)k, cos(a)

The last expression of equation B.1 is rewritten as
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(1-— cos(a))([?> : ?)I? = (1 — cos())(kypz + kypy + /fzpz)l?> =
kipy + kokypy + kok.p.
(1-— (:os(a))(l?> : F))? = (1 —cos()) | kykape + kipy + kyk.p. | =
L kokopy + ki kypy + k2D, J
B.5
(1-— Cos(a))(l?> : ?)? = ()
(1 —cos(a)k? (1 —cos())kzk, (1 — cos(a))kzk, _
(1 —cos(a))kyky (1 —cos(a))k; (1 —cos(a))kyk, | -P
(1 —cos())k,ky (1 —cos(a))k,k, (1 —cos(a))k?

Adding equation B.4 and equation B.5, and writing each entry as a - sin(a) + b -
cos(a) + ¢, where a, b and ¢ are constants, yields

H
P’ =R.(a) P =
(1 — K2%)cos(a) + K2 —K,sin(a) — K, K, cos(a) + K, K,
K, sin(a) — KK, cos(a) + K, K, (1 —K)cos(a) + K}
—K,sin(a) — K,K, cos(a) + K,K, K,sin(a)— K, K, cos(a) + K, K,
K, sin(a) — K, K, cos(a) + K, K, N
—K,sin(a) — K, K, cos(a) + K,K, | - P (B.6)
(1 — K?)cos(a) + K2
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Solution to the Transcendental
Equation

Functions which are not algebraic are said to be transcendental. These contain one
of the following expressions; logarithmic, exponential, hyperbolic, or trigonometric.
In this chapter the trigonometric function of the form

a-sin(a) + b+ cos(a) = ¢ (C.1)
where a, b, and c are constants, is referred to as the transcendental equation and
this appendix presents the solution to this equation.

The transcendental equation has two solutions within each interval of 360°, namely
Qmin and Qg -

To solve the equation the following substitution is used

o 1—u? _ 2u
u = tan <§> cos(a) = T sin(a) = T (C.2)

Inserting the substitution into equation C.1 and re-arranging yields

w(=b—c)+u(2a)+(b-c)=0 =

a? 4+ b2 — ¢?

U=
b+ c
a; =2 -tan ! <a—|— \,a2—|—b2—02> (C.3)
b+ c
as =2 -tan”! <a—\/m>
b+c

This gives i, = min{ay, as} and ape, = max{a;, as}
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When ¢ = 0 a simpler expression can be derived

a-sin(a) +b-cos(a) =0 =

a-sin(a) b-cos(a)

b-Cos(a)+b-cos(a) =0= o
%tan(a):—1:> (C4)

The other solution is found as either o« — 180° or @ + 180°



