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Abstract

A mobile robot can identify its own position relative to a global environment model
by using triangulation based on three landmarks in the environment. It is shown
that this procedure may be very sensitive to noise depending on spatial landmark
configuration, and relative position between robot and landmarks. A general analysis
is presented which permits prediction of the uncertainty in the triangulated position.

In addition an algorithm is presented for automatic selection of optimal land-
marks. This algorithm enables a robot to continuously base its position computation
on the set of available landmarks, which provides the least noise sensitive position
estimate. It is demonstrated that using this algorithm can result in more than one
order of magnitude reduction in uncertainty.

Key words: triangulation, self-positioning, landmarks, performance
characterization, robustness, navigation, mobile robotics, template matching

1 Introduction

There are basically two approaches to mobile robot navigation: the behaviour
based and the model based approaches. Behaviour based, reactive approaches
involve little or no global planning and for example enables the robot to move
along a corridor essentially balancing the optical flow on both sides of the
robot, [11,6]. The model based approaches involve some level of geometric
model of the environment, either built into the system in advance, acquired
using sensory information during movement or a combination of both.

* This work was funded in part by the VIRGO research network (EC Contract No.
ERBFMRX-CT96-0049) under the TMR Programme, and in part by the SMART
research network (EC Contract No. ERBFMRX-CT96-0052).
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Model based mobile robot navigation systems generally consist of three major
elements: 1) a path planning module, 2) a (possibly behaviour based) ability to
use sensory information for avoiding obstacles not present in the model, and 3)
a self-positioning module. The role of the latter is to continuously compute the
position of the robot relative to the environment model, in order to circumvent
the reliability problems associated with dead-reckoning, i.e., errors in wheel
movement feedback due to slippage etc.

There are numerous approaches to self-positioning, and there are different
sensor modalities as well (vision, laser range finders, ultrasonic sonars). In
this context we shall only consider vision.

If a 3D model of the environment is available pose estimation techniques can
be employed to single images in order to compute robot position relative to
the model, [5]. Another class of techniques use landmarks. Landmarks are
structures or markings in the environment, which can be recognized in images,
and for which the positions in the world are known. Carlsson [4] demonstrated
that vertical lines in the environment could be used in sets of four to provide
cross-ratios, such that permutations of line sets could vote for a robot position.

A more typical use of landmarks involves triangulation, [2,1,3]. Given known
focal length and a single image of three landmarks it is possible to compute
the angular separation between the lines of sight to the landmarks. If the
world positions of the landmarks are known the angular separations can be
used to compute the robot position and heading relative to a 2D floor map.
The simplicity of this approach, and the fact that it does not involve any 3D
reconstruction, has made it popular. At least three landmarks are required in
order to compute the position, but more can also be used as for example in
8].

This paper studies the use of exactly three landmarks (a landmark triplet)
for triangulation. The focus is on how accurately the robot position can be
estimated using this approach. The sensory input to the triangulation method
is the location in the image of three landmarks. The output is robot position
and heading. The paper presents an analysis of how inaccuracies in locating
landmarks in images propagate to uncertainties in robot position and heading.
Furthermore, an algorithm is presented for automatically selecting an optimal
landmark triplet, allowing the robot to minimize the positional uncertainty.

Related work by Crowley presents a thorough review of tools for dealing with
uncertainty in mobile robotics, [7]. Crowley presents a Kalman filter frame-
work for up-dating robot position using measured distance and heading to a
single landmark. The distance and heading can for example be obtained using
a stereo camera setup. For use in the Kalman filter Crowley derives formu-
lae for how uncertainty in sensory data influences the position up-date (via



the Kalman filter). It must be noted though, that robot position cannot be
computed from distance and heading to a single landmark, only up-dated.

As described above the present paper studies the use of three landmark head-
ings (no distance information), which is the minimum amount of information
allowing for a complete computation of position.

The paper is organized as follows. Section 2 gives an overview of a navigation
system context and the motivation for the work presented in this paper, and
through an example demonstrates the potential noise sensitivity problems as-
sociated with triangulation. Section 3 outlines the triangulation framework.
In section 4 we describe how the uncertainty in recovered robot position is
studied and show how much the uncertainty can vary for different landmark
triplets and robot positions. Additionally an algorithm for automatic land-
mark triplet selection is presented. Section 5 then demonstrates the effect
of using this selection algorithm as opposed to more naive choices of land-
marks. Section 6 describes a series of experiments aimed at determining how
accurately template matching (normalized cross correlation) can locate land-
marks in images. As described it is this inaccuracy that causes inaccuracies
in estimated robot position. After some conclusions in section 7 appendix A
briefly presents the mathematical framework for determining robot position
by landmark triangulation.

2 System context and motivation for work

The physical context for the problem addressed in this paper is a mobile
robot moving on a planar surface, equipped with a single camera that can
pan freely 360° relative to the robot heading. The pan angle relative to the
robot heading is obtained from an encoder on the pan motor. It is assumed
that a 2D floor map of the environment is available, and that positions of all
landmarks in this floor map are known. Additionally the camera focal length
must be known in order to compute the angular separation between landmarks.
Lastly, the algorithms and analyses presented in this paper are based on all
three landmarks being visible in a single image, so that robot position can be
computed from a single image .

Landmarks, or beacons as they are sometimes referred to, can be any de-

1 The results apply directly to situations where the camera may have to pan to
obtain visual contact with all three landmarks, but in order for the triangulation to
function, the robot will have to stop while “shooting” the directions of landmarks.
If all three landmarks are in the field of view, the robot can move while taking
images, as long as motion blur is not a problem.



Fig. 1. Top row: stored pixel data of 4 landmarks. Bottom row: Landmark tem-
plates obtained from perspective re-mapping of the stored pixel data in the top
row. The re-mapping is based on an estimated camera position corresponding to
the hallway view in figure 2.

tectable structure in the physical environment. Some use vertical lines, others
use specially designed markers, e.g., crosses or patterns of concentric circles.
A popular choice is naturally occurring, planar textures such as door signs,
posters or light switches. These patterns can be stored in system memory as
sub-images and detected in images using template matching techniques. This
is illustrated in figure 1 and 2.

In addition to the floor map containing positions of landmarks this approach
requires a representative image of each landmark to be stored in a data base.
Given a reasonable estimate of the robot position and heading these model im-
ages can then be perspectively transformed or re-mapped to how they should
appear in the image. See figure 1. The re-mapped landmark images are then
used as templates in a normalized cross-correlation procedure in order to de-
tect the landmarks in the incoming image, figure 2.

As explained above the detected image location of the landmarks can then
be used in a triangulation procedure for computing the camera position and
heading, which in turn can be converted to robot position and heading.

Naturally, when using real data the detection of landmark image locations will
be error prone. Section 6 reports on a series of experiments, which show that
under good conditions template matching (normalized cross correlation) can
determine image locations of landmarks with a standard deviation ranging
from approx. 1.2 pixels to 3.6 pixels. What effect do these errors have on the
computed position? It is this question this paper attempts to answer. The
effect can be visually illustrated using the following simulated example.

Figure 3 shows a simulation of robot self-positioning relative to a floor map.
The figure shows a snapshot from a particular robot position along some path.



Fig. 2. Locations of four landmarks detected using normalized cross-correlation after
performing perspective re-mapping of the stored landmark pixel data, (figure 1). The
white crosses are the loci of maximum correlation coe cient.

To simulate the positional uncertainty accruing from inaccuracies in determin-
ing landmark image locations, noise has been added to the synthetically gen-
erated locations. This noise is equivalent to a standard deviation of 2 pixels,
(the experiments on real images reported in section 6 showed this standard
deviation to be very realistic). The virtual camera has a resolution of 512 512
pixels, and a field of view of  53°, (corresponding to a focal length of 6 mm
for a 6 mm CCD chip). 1000 robot positions were computed from the noisy
data and the positions are shown as the cloud of white dots.

The ellipse around the computed robot positions represents the positional
uncertainty as predicted by using the analysis presented in this paper. It is
seen that the uncertainty is very high. If the floor map represents a 10m 8m
room, then the computed positions cover a 2m 1m area. Such an uncertainty
is prohibitive for navigation in cluttered environments and narrow passages
like doorways.

Figure 4 shows that the noise sensitivity varies drastically with the choice
of landmarks, though. L.e., subject to the same amount of noise in landmark
location detection, the uncertainty in recovered position differs for different
landmark triplets. This clearly demonstrates the need for a strategy for select-
ing good landmark triplets, which in turn requires a technique for evaluating
the possible landmark triplets before using them for triangulation.

The presented approach for predicting positional uncertainty makes it possible
to design a simple strategy for choosing the best landmark triplet, if more
triplets are available. That is, at any given position the navigation system can
use the floor map to find the set of landmarks that should be visible. These



Fig. .2  oor map. Obstacles are shown in grey, free-space in black. All visible
landmarks are shown as circles with crosses, non-visible landmarks are shown as
crosses. The landmarks used for computing position are shown as white circles
with crosses in the top left corner. The cloud of white points are robot positions
computed with noise added to the sensory measurements (see text). The two white
lines emanating from the robot position indicate the camera field-of-view. The ellipse
is the positional uncertainty predicted by using the analysis presented in this paper.

Fig. 4. Variation in noise sensitivity when choosing di erent landmark triplets, but
keeping the same robot position. The right triplet provides a much better position
estimate than that in the left figure.

visible landmarks can be combined in various ways to form landmark triplets,
and each of these triplets can be evaluated with regard to how severely noise
would influence the computed robot position. The system can then choose
the landmark triplet which minimizes the noise sensitivity. As will be demon-
strated in section 5 this algorithm may result in an uncertainty reduction of
more than one order of magnitude.

The noise sensitivity analysis and the triplet selection algorithm will be presen-
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Fig. 5. Left: robot position and heading relative to a oor map. Right: using image
location of three landmarks to compute angular separation.

ted in section 4, but first a brief, slightly more formal introduction to trian-
gulation based self-positioning (and notation) is given.

verview of t e trian u ation tec ni ue

Closed form solutions to robot position and heading given angular separa-
tion between three landmarks exist, [1]. The exact solutions are presented in
appendix A here only an overview is given. Figure 5 illustrate the paramet-
ers involved. The triangulation method actually computes the position of the
optical center of the camera and the direction of the optical axis relative to
the world coordinate system. For notational simplicity the optical center is
assumed to coincide with the robot s position. Similarly the direction of the
optical axis can be converted to robot heading using knowledge of the camera
pan angle, , relative to the robot.

Let for example ( ; 1) be the image location of landmark number 1. If as-
suming the u-axis of the image coordinate system is parallel to the plane of
motion of the robot, then the angular separations between pairs of landmarks
are functions of the image locations 1 3 and focal length,

ool ) ( ) (1)

The robot position parameters, ( ), are then functions of the angular
separations and the positions of the landmarks in the world model:

(1 11 ) (2)
(1 11 ) (3)



Similarly, the robot heading is a function of pan angle, the angular separations
between landmarks and landmark world positions. Due to limited space the
robot heading will not be considered further in this paper

o ustness of se f ositionin usin trian u ation

Subsequently the analysis of noise sensitivity is presented followed by the
algorithm for purposively selecting landmark triplets.

ources o noise and error

As presented in section 3 several parameters influence the result of the trian-
gulation procedure. The camera s focal length, | for instance must be very
accurately calibrated. If not, it will cause an error in the recovered positions.
Similarly, if the world positions of landmarks, ( ) 1 3, are not ab-
solutely correct in the model of the environment, this will also cause errors.
Inaccuracies in focal length and landmark work positions will cause systematic
errors in recovered robot position. Additionally, these inaccuracies are not at
all well modelled by any kind of additive stochastic perturbation process.

In this paper it will therefore be assumed that focal length and landmark
world positions are correct. Rather, the subsequent analysis focuses solely on
the effect of uncertainty in the detection of landmark image location. I.e.,
errors in the 1 3 parameters. It will be demonstrated that this error
alone can cause very inaccurate position determination.

ensitt ity analysis

For the purpose of analysis the 1 3 parameters shall be considered
subjected to additive Gaussian noise of zero mean and variance . The
Gaussian model is just a vehicle for a compact analysis. We are interested in
the sensitivity towards errors, not in the particular distribution model. The
algorithm for selecting optimal landmark triplets minimizes this sensitivity,
regardless of whether the Gaussian model is applicable. The reader is referred
to section 6 for a real image experimental determination of

The uncertainty in robot heading depends linearly on the uncertainty in locating
landmarks in images. This paper demonstrates that this is far from true in the case
of robot position, making it much more interesting to study this aspect.



The sensitivity analysis is based on first order covariance propagation, [ ,10],
that is, propagating the variance to the 2 2 covariance matrix for robot
position. The propagation is performed in two steps: first a propagation to the
covariance matrix for the landmark angular separations, and then from the
angular separation to robot position.

Let the covariance matrix of the three landmark image locations, 1 3
be (assuming no correlation between the three landmarks):

0 0
0 0 (4)
0 0
We introduce two vectors: [ 1 | and [ 1 ]- 1 and
are the angular separations between landmark pairs, and the 1 3

parameters are the locations that landmarks project to in the image. The
relationships between these two sets of parameters are described in egs. (A.1)
through (A.5). nder a first order approximation the covariance matrix, |,
for the angular separations, ; and , becomes:

— (5)

where — is the 2 3 acobian matrix of the mapping from the  values to
the angular separations.

In the second step, the uncertainty in angular separation as expressed by
can be propagated to the robot position parameters, [ |:

— (6)

In eq. (6) — isthe 2 2 acobian of the mapping from angular separation to
robot position.

All 4 entries in  can be found analytically, thus for any configuration of 3
landmarks and any robot position it is simple to compute the expected po-
sitional uncertainty. The ellipse in figure 3 represents a contour of constant



squared Mahalanobis distance from the average position. The particular con-
tour chosen is the region within which 5 of the positional outcomes would
fall. As seen the prediction of uncertainty matches the actual 1000 outcomes
(the cloud of points) well. The area of this 5 uncertainty ellipse is a simple
overall measure of the uncertainty, which shall be used subsequently.

ariation in noise sensiti ity

As demonstrated in section 2 the uncertainty in triangulated position can vary
substantially depending on the spatial layout of the landmark triplet and the
overall distance from the robot to the landmarks. In order to get an overview
of this three simulations have been made, figure 6.

The three simulations correspond to three different generic spatial landmark
layouts: a) topology 1, where the middle landmark is in ront o the line joining
the other two, b) topology 2, where the middle landmark is ehind the line
joining the other two, and finally c) a collinear landmark layout.

From figure 6 it is seen that generally the uncertainty increases with the
distance to the landmark triplet. Furthermore, topology 1 triplets result in
less uncertainty than topology 2, and collinear landmarks perform worst of the
three. As a specific example: if the robot is located at position (2.5 m, 3.0 m),
the area of the uncertainty ellipse is 0 06 m , 0 18 m , and 0 8 m respectively.
These values are computed under the same conditions as previously, i.e., field-
of-view of 53° and 2 pixels, and image width of 512 pixels. This analysis
clearly demonstrates that topology 1 performs better than topology 2, and
that use of collinear landmarks should generally be avoided, if alternative
triplets are available.

The presented ability to predict uncertainty will be exploited in order to design
an algorithm for automatic selection of landmark triplets.

utomatic selection o optimal landmar triplets

Assuming that triangulation based self-positioning is fairly accurate, and that
the robot does not move large distances between each time it checks its po-
sition, then the last position found by triangulation plus information from
odometry (dead reckoning) gives a good estimate of current robot position.
From this estimate the navigation system can compute which landmarks in
the environment model should be visible from the current position. sing the
known focal length (field of view) it is also possible to determine all permuta-
tions of landmark triplets that are within field of view for various pan angles.

10
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Fig. 6. Area of uncertainty ellipse mapped to grey level values for three di erent
landmark configurations: topology 1, topology 2, (top left and right respectively),
and collinear (bottom). The three white spots in the the lower left corner of each
plot are the landmarks. The dark grey blob in the lower left corner is the area where
not all three landmarks can fit within field of view and where triangulation is thus
not possible. Black is low uncertainty, white is high.

If a single goodness measure can be assigned to any such triplet based on
the uncertainty analysis from section 4.2, then a simple algorithm for selecting
optimal landmark triplets can be listed as:

(1) Determine the set of visible landmarks using the current position estimate

(2) Find all possible combinations (not permutations) of three visible land-
marks (triplets)

(3) Determine the set of landmark triplets that are within the same field of
view

(4) Compute a goodness measure for all such triplets

(5) Rank triplets according to goodness measure and choose best

11




Many different goodness measures can be relevant for various purposes a thor-
ough investigation of this is a direction for future research. In the simulation
experiments presented in the next section the applied measure is inversely
proportional to the area of the uncertainty ellipse described previously. This
measure simply results in a minimization of the region within which the com-
puted positions will fall, when the landmark image locations are perturbed
with noise.

X erimenta resu ts

The results described in this paper are currently being used in designing a
navigation system for a real mobile robot. The system is based on 2D salient
regions for landmarks, and using normalized cross correlation for recogniz-
ing and locating landmarks in images, as described in section 2, figures 1
and 2. Landmarks are limited to planar texture patches on walls, e.g., light
switches, door signs and posters. Thus, using a robot position estimate, known
focal length and known position and orientation of the planar landmarks, a
perspective distortion of landmark templates can be performed before using
normalized cross correlation for detection. romising results have been ob-
tained so far with this approach, and 30 30 pixel landmark templates can
be located in a 30 30 pixel search region in about 0 5 seconds on a regular
SilliconGraphics Indy workstation.

The implementation of the entire navigation system is not completed so we
resort to simulations to demonstrate how use of the presented landmark triplet
selection algorithm can drastically reduce positional uncertainty.

emonstrating the automatic landmar selection algorithm

The simulation is based on letting a robot move along the path shown in fig-
ure 7. At each position along the path the robot computes its position using
triangulation, and uses the presented sensitivity analysis to plot positional un-
certainty as ellipses. Two runs of the path were performed. First the camera
was always forced to point in the direction of robot motion, and an arbitrary
landmark triplet chosen within the resulting field of view. In the second run,
the system was allowed to use camera pan to select the optimal landmark
triplet for any position along the path. Figure 7 shows the computed uncer-
tainty for a particular, but arbitrary and typical path point for each of the two
runs, and it is seen how the automatic algorithm really reduces uncertainty.

For the entire path the automatic landmark selection algorithm results in an

12



Fig. . Left: position uncertainty when camera is forced to point in the direction
of robot movement, (uncertainty ellipse area is 2 5 m ). Right: position uncertainty
when using the automatic selection of optimal landmark triplet, (uncertainty ellipse
area is 0 02 m ). Camera field of view is shown as two white lines emanating from
robot position.

average reduction in the area of the uncertainty ellipse of more than an order
of magnitude. If the shown floor map were a room of 10 m 8 m the average
ellipse area for the forced triplet run would be approx. 2 m , (maximum 12
m ). Such an uncertainty makes model based navigation useless, whereas the
automatic selection algorithm reduces the average area to approx. 0 03 m and
the 12 m are reduced to 0 06 m .

In the simulation experiments the standard deviation on landmark image loc-
ation was set to 2 pixels. Controlled experiments performed on real images
(section 6), indicate that this value is realistic. Whatever the true standard de-
viation may be, the automatic landmark selection algorithm certainly provides
a substantial increase in positional accuracy

alidity o rst order appro imation

In the sensitivity analysis we used a first order approximation to the change in
robot position accruing from a small change in landmark image location. This
is a very common assumption in error interval analysis, and in many situations
it is valid. Never the less the formulae relating landmark image positions to
robot position in many situations exhibit non-linear behaviour to such an
extent that this first order assumption is violated. This is demonstrated in
figure 8.

The uncertainty ellipse area increases with the s uare of the standard deviation
for the 1 parameters. Thus halving the standard deviation for landmark
image location results in reducing ellipse area by a factor of four.

13



Fig. . Examples showing very poor landmark triplets resulting in triangulation
giving basically no knowledge about position. This simulation is sub ect to the
same parameters as all other in this paper, i.e., 5 ° field-of-view and a noise std.
dev. of 2 pixels.

Figure 8 shows a typical situation where the simulation system has been forced
to choose the worst landmark triplet for a given robot position. The example
demonstrates several things. First of all it shows that uncritical selection of
landmarks can result in extremely noise sensitive position computations, which
is also predicted by the system (the computed uncertainty ellipse areas are 3
m and 12 m respectively). Secondly, the example shows that the first order
approximation around points in solution space is not always valid. This is seen
from the 1000 noisy position computations, since they do not form an elliptic
cloud, but rather lie on a curve. This curve is in fact a part of a circle, the
reason for this being the underlying geometry of the triangulation process.
Given two landmarks and an angular separation between the line of sight to
each of them, the robot position is constrained to a circle. Three landmarks
and their angular separation makes it possible to form three such circles,
and the robot position is where these circles intersect. For some landmark
configurations and robot position the three circles have radii and centers which
cause the intersection to be very poorly defined. Thus a small amount of noise
causes the computed robot position to slide along the circumferences of the
circles.

The first order approximation does allow the system to predict that a certain
landmark triplet will result in very high sensitivity to noise, but the com-
puted uncertainty ellipse should not uncritically be taken as a indication of
the distribution of the computed robot positions under noise.

14



ualitati e summary o o ser ations

A number of observations concerning the robustness of triangulation can be
made from the presented analysis. ualitatively, the following issues govern
the performance of a landmark triplet:

0 00 yltri ets erform est

A triplet where the middle landmark is in front of the line joining the
other two results in a less noise sensitive position computation, compared
to other landmark configurations.

o inear tri ets erform worst

Landmark triplets where all three landmarks lie on a line perform very
poorly, and should be avoided.

ri et erformance dro s as ro ot to tri et distance increases

Generally, the robot should be close to a landmark triplet to reduce noise
sensitivity.

ri etss oud e wideys read overt e e d of view

The overall angular separation between the landmarks should be as large
as possible. This guideline and the one above are two sides of the same issue.

ri et erformance increases wit increase in foca en t

An increased focal length does not affect the angular separation of land-
marks, and thus this observation is not related to the above. Rather a larger
focal length implies that a certain landmark image location uncertainty,
has a numerically smaller effect on the angular separations. Loosely speak-
ing a one pixel error corresponds to a smaller angular error for a large focal
length, than for a small focal length.

Additionally, in a real system setting a large focal length will make the
landmarks bigger in the images, resulting in more robust detection. This
latter effect is not modeled in the presented analysis. nfortunately, a large
focal length makes the field-of-view smaller, making it more di cult to find
triplets that fit within the same field-of-view. Therefore the system generally
requires more physical landmarks in the environment if the focal length is
large.

x erimenta eva uation of tem ate matc in accuracy

In this paper the uncertainty in detecting the image location of a landmark is
propagated to the resulting uncertainty in recovered robot position. A possible
low level approach to locating landmarks in images is to have landmarks stored
as sub-images (templates) and use normalized cross correlation to detect the
location of the landmark in images. As described in section 2 this requires
an estimated robot position in order to correctly scale and warp the stored

15



Fig. 9. Left: image showing landmark in uncluttered environment. The landmark
is the phone book cover in the image center. Right: template used for locating
landmark by normalized cross correlation.

templates.

This approach to landmark detection has been implemented and tested on
real images in order to experimentally determine a realistic value for the ac-
curacy with which landmarks can be located in images. That is, the aim is to
determine the standard deviation, , in landmark image location.

Normalized cross correlation is quite robust towards pure image noise. In our
experiments it turned out that the method will detect e actly the same loca-
tion of maximum correlation (to image resolution), in every frame if lighting,
camera position, etc. is not changed. But such an experiment is also a poor
model of the realistic circumstances under which the robot will move around
and try to detect landmarks.

To emulate these circumstances under controlled conditions a special experi-
ment was designed, which involved moving the camera relative to the physical
landmark. This movement causes a displacement of the image location of the
landmark. The displacement can be modeled theoretically and the desired ac-
curacy, , can be found be comparing actual, detected locations with the
theoretical.

Figure shows an example landmark in a simple scenario, and a corresponding
template. The camera is mounted on a mechanical device with one very accur-
ate translational degree of freedom, allowing the camera to be moved parallel
to the image plane in the horizontal direction. This causes the image location
of the landmark to move from, e.g., the left image border to the right. Accord-
ing to the pin-hole camera model there will be a linear relationship between
camera position and the image location of the landmark.

By recording corresponding values of camera position and detected landmark

16
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Fig. 10. Left: straight line fitted to the measurements to model relationship between
camera position and detected image location of landmark. Right: histogram of ver-
tical distances of measured image location to fitted line, overlayed with normal
distribution of same statistic as the distance population.

image location a line can be fitted modeling this linear relationship. An ex-
ample of this is shown in figure 10. In the experiments the distance to the
landmark is approximately 2 m, and the camera translates a total of approx-
imately 1 8 m. nce the line is fitted a distance population can be created
by computing the distance from each measured image location to the fitted
line. This distance population is taken as an indication of the accuracy of the
cross correlation process, since the device used to move the camera is highly
accurate. Figure 10 also shows a histogram of the distance population for one
of the described experiments.

The experiment was repeated with four different landmarks yielding  values
(standard deviation of distance population) ranging from 12 pixels to 3 6
pixels, with an average of 1 8 pixels. ach distance population is zero mean,
has a compact, well behaved distribution, but under a  -test the populations
do not qualify as Gaussian with a reasonable confidence level. This is also seen
be the overlayed Gaussian distribution in figure 10.

lease note, though, that the covariance propagation technique used in section
4.2 for analyzing the uncertainty in robot position makes no assumptions on
noise distribution models. All it does is propagate the second order statist-
ics, which fully describe the Gaussian distribution model. The second order
statistics are valid regardless of what the distribution model might be.

Based on the results from these experiments it was chosen to use 2
pixels in the simulations reported throughout the paper.

17



onc usion

It has been demonstrated how sensitivity analysis can be applied to increasing
the robustness of self-positioning using triangulation. The analysis is based on
propagating the effect of errors in locating landmarks in images to the resulting
errors in computed robot position.

xperiments on real images showed that using normalized cross correlation,
landmarks can be detected in images with a positional standard deviation of
on the order of 2 pixels. It was demonstrated that even this small amount of
noise can cause inaccuracies in computed robot position that are measured in
meters.

It was shown that is possible to compute how uncertain the computed robot
position will be for any given set of three landmarks. This analysis allowed
the design of an algorithm for automatically selecting triplets of landmarks,
which minimize positional uncertainty. It was demonstrated that using this
approach the positional uncertainty can be reduced with at least an order of
magnitude.

Generally positional uncertainty increases monotonically with the distance
from robot to landmark triplet. A specific result of the presented analysis is
that landmark triplets, where the landmark positions are collinear provide
very noise sensitive position estimates, and are to be avoided.

Future directions of research may include using such robustness analysis in the
path planning stage. [12] present a general framework for including sensory
uncertainty into the path planning algorithm. By combining this with results
from this paper it would be possible to urge the robot the follow paths which
allow the most accurate control of position.

o ot osition from trian u ation ased on andmarks

This appendix presents the formulae needed for triangulating the camera posi-
tion based on an image of three landmarks with known location. The technique
is not derived, (see [1]), only presented for reader reference.

It is assumed that the three landmarks are numbered right to left according to
the order with which they appear in the image. Figure A.1 defines a number of
angles to be used in the following. Given known focal length in pixels, , and
the u-coordinate (first image coordinate) of a landmark, the angle between the
optical axis and the line of sight to the landmark can be computed, (assuming

18
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landmark 2

optical center

image plane

Fig. A.1. Top view of pin-hole camera and lines of sight for the three landmarks.
The angular separations, ; and , form the basis for computing position.

the u-axis of the image plane is parallel to the plane of motion of the robot):

1 arctan( 1 ) (A1)
arctan( ) (A.2)
arctan( ) (A.3)

Similarly, the angular separations can be computed:

quations (A.1) through (A.5) can be combined to form the ; and  func-
tion presented in section 3, which were used in the first step in the sensitivity
analysis, section 4.

Based on the angular separations the camera position can be computed in a
coordinate system defined relative to the three landmarks. Figure A.2 defines
this coordinate system and other variables.

In the following a notation is used, where for example _; denotes the angle
between the line from landmark 2 to 1, and the line from landmark 2 to 3.
Similarly, = | is the angle between the line from landmark 1 to point
(optical center), and the line from landmark 1 to 2. Additionally, ; , will
denote the distance between landmark 1 and 2.

Two angles needed to compute the camera position depend on the topology,
thus these are presented in separate sections.
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Fig. A.2. The middle landmark can be in front of or behind the line oining the other
two. This defines two landmark topologies, topology 1 and topology 2 respectively.
The figure shows a topology 1 landmark configuration. Regardless of topology the
three landmarks define a local coordinate system with origin in landmark 1, and
x-axis through landmark

opology
sing 1 1
1 arctan sin( 1) (sin( 1 )cos(y ) cos( 1 )sin(-y ))
_ 1 sin( ) sin( 1 )(cos( 1 )cos( .1 ) sin( 1 )sin( 1 ))
(A.6)
- -1 11 (A7)
opology
1 arctan sin( 1) ( sin( 1 )cos(.1 ) cos( 1 )sin(.; ))
_ 1 sin( ) sin( 1 )(cos( 1 )cos(.; ) sin( 1 )sin(; ))
(A.8)
2 (A )

amera position or oth topologies

When the angles ~ ; and =  have been computed according to the correct
topology, the position of the camera is first computed relative to the local
landmark coordinate system shown in figure A.2.

20



tan(_ 1)

"tan(_ ; 1) tan( 1) (A.10)
tan(_ -1 )tan(_ 1 -1 )
Ll o1 tanle ) (A.11)

These coordinates of the camera relative to the landmark coordinate system
can be transformed to global world coordinates, ( ), using the location of
each landmark, e.g., ( 1 1) is the floor map coordinates of landmark 1. Let
be the angle between the world coordinate x-axis and the local x-axis, then:

cos( ) sin( ) (A.12)
sin( ) cos( ) 1 (A.13)

The coordinates described by eqgs. (A.12) and (A.13) are the camera robot
coordinates that are subjected to the sensitivity analysis in section 4.
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