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Abstract. This paper introduces a new concept within shadow seg-
mentation for usage in shadow removal and augmentation thro ugh con-
struction of an alpha overlay shadow model. Previously, an im age was
considered to consist of shadow and non-shadow regions. We construct a
model that accounts for sunlit, umbra and penumbra regions. Th e model
is based on theories about color constancy, daylight, and the geometry
that causes penumbra. The behavior of the model is analyzed anda graph
cut energy minimization is applied to estimate the alpha param eter. The
approach is demonstrated on natural complex image situation s and the
results are promising.

1 Introduction

There are many applications that bene�t from shadow detection. For example
segmentation of foreground objects without obstruction from shadows, classi�-
cation of e.g. faces with shadows that could make it di�cult t o �nd the best
match, and extraction of illumination such as light source direction and color.
We want to �nd a model that can be used for shadow segmentationas well as
shadow synthesis.

Our aim is to make a purely pixel driven method which works on single
images in un-augmented scenes with no geometric knowledge about the scene.

1.1 State of the Art

Salvador [2, 3] distinguished between cast shadows (onto the ground plane) and
self shadow. The detection relied on the edge image of a linearized chromaticity
image. They considered dark pixels a-priori to be shadows and corrected this
belief using heuristics concerning the edges of the real image and edges of the
chromaticity image. This worked well in images with controlled simple geometry.
It was tested with still images (of fruit) and video (moving p eople and cars).
Considering the simplicity of this approach and the fact that it requires no
assumptions about the camera, the results are impressive.

Madsen [4] described shadows as an RGB alpha overlay. It is not just a black
layer with an alpha channel, because the shadows are not onlydarker versions
of the illuminated areas, but there is a change of hue, causedby the di�erence



in hue between direct and ambient light. There is a �xed alpha for any given
region. � can be described as the degree of shadow and the overlay colorrelates
to the the tonal and intensity change of the shadow. Furthermore, shadows are
characterized as full shadow,umbra, and half shadowpenumbra, assuming only
one light source. Multiple light sources would generate more complex grades of
shadow regions.

Finlayson [5][6] takes advantage of planckian light and retinex theory. As-
suming a single direct light source and another ambient light (di�erent hue)
computes a 1-d invariant image from the known path (or o�set or retinex path)
the shadow imposes on a log-ratio chromaticity plot. Note that ambient occlu-
sion and surface normal direction is not taken into account in this model. The
known path/o�set is to be pre-calibrated. The edge maps of this invariant image
can be used just like in [2].

Cheng Lu [7] continued Finlayson's work using graph cuts foroptimizing the
shadow mask. Their method �nds a binary shadow mask and use the illumi-
nation invariant chromaticity transform [5] as a static clu e for computation of
the capacities of the capacities in the graph model. They do not use any data
term but considered the brightness changes in the means of windows around the
supposed shadow edges as well as the chromaticity "shift" caused by the illumi-
nation color. It is not tested for di�cult scenes and it does r equire knowledge of
log illumination direction.

Previous work segmented shadows as a binary mask and used theedges as
clues. They tested their algorithms in simplistic setups and had strict require-
ments to their cameras. We will construct an � -overlay shadow model based
on Finlayson's color theory. It must be invertible so it can be used to generate
shadows and to remove shadows. The degree of shadow should beadjustable
through the � -parameter. The color theory does not explain what happens in
the penumbra region. In the following the main theory is presented and the
penumbra region is investigated.

1.2 Outdoor Color Theory

Equation 1 shows that in log chromaticity space the perception of color on a
surface changes by altering the color temperature T (refer to [5] for further
description of the factors).

�r k = log(r k ) = log(sk =sp) + ( ek � ep)=T; p= 1 :::3; k 6= p (1)

where �r k is a log chromaticity for the color k in relation to the color p. sk =
Ic1� � 5

k S(� k )qk and ek = � c2=� k . (ek � ep) is called the illuminant direction,
which should not be confused with the geometric direction but in a 2-d plot of
two chromaticities (e.g. red and blue) varying T forms a straight line with the
direction (ek � ep). The model contains some major assumptions that might not
hold for any given camera: Narrow-band (delta-function) sensitivity. Spectral
sharpening can be used to approximate narrow band sensitivity, but this may



be insigni�cant [8]. Linearity or simple gamma correction which does not change
the log illumination direction. The log illumination direc tion ek � ep must be
known (through calibration). Variation of the angle of surf ace and the visibility
of hemisphere (ambient occlusion) is not taken into account.

It follows from this generalization (becauselog(a � b) = log(a) + log(b)) that
the color of a surface in full shadow is assumed to be a productof its color in
sunlight and a �xed shading factor [6]:
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This relation holds for all pixels in the image. However, it will be necessary
to be able to weight the shading e�ect by an alpha in the penumbra areas.
See �gure 1. The left side shows the illumination direction in log chromaticity
space shows the direction that a surface color moves in the 2-d plot from the
color temperature changes from full sun to full shadow. It follows a straight
line. Surface 1 (S1) is plotted in sun and shadow (umbra). This relates to the
alpha model as full � . We extend the model to account for varying degrees of
shadow. Surface 2 (S2) is plotted in sun, half shadow, and full shadow. However,
tonal changes from� ! 0 and inter-re�ections do not map into the straight line.
� ! 0 maps towards [0; 0], while inter-re�ections maps toward the colors of the
re�ecting surfaces.

The right side (in �g. �gure 1) shows how umbra and penumbra regions can
occur and how� should respond to those regions (in a photo taken directly from
above). In the corner at the �rst box is a situation where the shadow becomes
darker because the hemisphere is less accessible from thoselocations. This is not
accounted for in the model.

Fig. 1. [Left] 2-d log chromaticity space and illumination direction. [Right] Geometry
causing penumbra and umbra.



1.3 Limitations

Consider the physics based model of camera response� in channel k to wave-
lengths � in equation 3. The surface albedoS(� ) is illuminated by the weighted
irradiance E from the sky Esky and the sun Esun . Note that the Esky is the
integration of light from the entire hemisphere except where the sun is and�
accounts for occlusion of the hemisphere (ambient occlusion). This means that
it is not valid in the case of a sunset, where the hemisphere can be bright and
orange in the western half, and dark blue in the eastern half.In order to make
the angular (cos�) dependence of the sun explicitÊsun is a speci�c irradiance of
the sun onto a perpendicular surface.

The camera sensors have certain sensitivitiesQ to the wavelengths � . Then
the camera applies a white balance correctionW and a nonlinear dynamic range
compression
 , e.g. a gamma 2.2 correction.

� k = 

�

wk

Z
Qk (� )S(� )( �E sky (� ) + cos�Êsun (� ))d�

�
; k = R; G; B (3)

It relates to an � -layer model very well, wherealpha is a simpli�cation of
� and cos� and maps to the degree of shadow, and the overlay color maps to
the tonal change that occurs because of the hemisphere-to-sun color di�erence.
Three factors that are not taken into account arecos�, � ! 0 and inter-re�ections
between surfaces.

It also follows from the nature of the penumbra that edge detection can fail
as the gradient may be too low for an edge detection.

The penumbra region is not a linear gradient in the radiance/image domain.
It follows an s-curve that can be computed geometrically from the area of the
circular segment of the sun that becomes gradually visible from the penumbra
region. Equation 4 shows the area (A) from 0 to half of the total area of the
circle.

A =

2

4
R2cos� 1

�
R � h

R

�
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2Rh � h2, where h 2 [0::R]
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h� R
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�
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p
4R2 � 2Rh � h2, h 2]R::2R]

(4)

where R is the radius and h is the height of the visible circular segment (see
�gure 2).

The sensors in the cameras are somewhat linear, but the humanperception
sensitivity is non linear. Cameras apply post processing tothe linear raw data.
sRGB and Adobe RGB formats have applied a gamma 2.2 function (which does
not a�ect the direction of the log chromaticity space). However, cameras nor-
mally compress the dynamic range in an even more complicatedmanner, using
e.g. an S-curve. In practice, there are some non-linearities in the darkest shadows
and brightest highlights.



Fig. 2. Area of circular segment. Left: h � R Right: h > R

2 Shadow Model

The shadow model is two main tasks: Shadow Augmentation for which the
shadow region as a function of the sunlit region is needed. Shadow Removal
for which the sunlit region as a function of the shadow regionis needed. The
following model takes advantage of the relation described in equation 2. It is
adapted to control the degree of shadow with� in equation 5 (for each pixel i ).

� shad
k = (1 � �O k )� sun

k ; k = R; G; B (5)

The shadowless image can be calculated from the original image and an
estimated � .

� sun
k = (1 � �O k ) � 1� shad

k (6)

The optimal overlay color is easy to express. The notation ofthe following
investigation of optimal overlay color (O = f or ; og; obg) will be simpli�ed. The
surface color (albedo) will be denotedS. The irradiance from the sky will be
Esky and the irradiance from the sun will be Esun . We consider a sunlit pixel
to be S(Esky + Esun ) and an umbra pixel to be SEsky . Furthermore, ambient
occlusion and sunlight direction is assumed to be �xed at zero.

SEsky = (1 � �O )S(Esky + Esun ) (7)

O =
(1 � SE sky

S(E sky + E sun ) )

� max
=

(1 � E sky

E sky + E sun
)

� max

� max can be selected arbitrarily. The simplest would be to use� max = 1 .
Note that the evidence needed to computeO is an umbra pixel divided by its
corresponding sunlit pixel. Consider � = 0 , then the sunlit pixel is weighted
by 1, i.e. no change. Consider� = 0 :5 � � max , then the color moves gradually
toward umbra. Consider � = � max then the sunlit pixel is weighted by the exact
intended ratio between sunlit pixels and umbra pixels.

Figure 3(a, x) shows how the model reacts to� = f 0; 0:1; 0:2; ::; 1g to a given
albedo and a given overlay color. The model moves the 2-d log chromaticity plot
along an approximate straight line. The points are not evenly distributed, so
� = 0 :5 is not halfway toward umbra.
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Fig. 3. [a] The e�ect of di�erent alphas on the log chromaticity plot on two albedos
with linear (x) and sigmoid (o) models. The model approximat es Finlaysons's model
of shadows as a straight line. [b] Photo macbeth square with soft shadow. [c] Linear
synthetic. [d] Sigma synthetic.

The pro�le in the image domain would be a straight line, if the alpha domain
is a straight line. This makes it complicated to generate a true s-curve in a
penumbra region. It would be easier to generate shadows witha linear alpha-
channel, and it may be easier for an estimation algorithm to optimize a linear
gradient in the alpha channel as well. The s-curve can be incorporated into the
model by replacing � in equations 5 and 6 with a sigmoid function. Equation 8
is a standard sigmoid function.

s(t) =
1

1 + e� t � K (8)

where K = 1=3 and controls the steepness of the S curve.S(t) 2 ]0; 1[ within
t 2 [� 10; 10] � has to be scaled such that:t = ( � � 0:5) � 20. Thus in the interval
� 2 [0::1] then S(t) 2 [0:0344; 0:9656]which must be scaled toS(t) 2 [0::1].

In the end we have:

S(� ) = (
1

(1 + e� ( � � 0:5) � 6:6666)
� 0:0344)� 1:074 (9)

S(� ) = 0 , when � = 0 and S(� ) = 1 , when � = 1 . S(� ) replaces � in
equations 5 and 6. This is referred to as the sigmoid model. Figure 3(a,o) shows
a plot using the sigmoid model. Note that it is more evenly distributed. Figure 3
(b-d) shows an photo of a single square of the macbeth color checker with a soft
shadow covering the upper half, a similar synthesized imagewhere the shadow
is generated by the linear shadow model and the sigmoid model.

Figure 4 shows the pro�les of the real and synthesized imagesscaled by
di�erent factors to match the same albedo (outgoing/observed light = albedo
re�ectance times incoming light).
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Fig. 4. The dots are pixels from a pro�le of �g. 3(b). It clearly shows t he S curve
shape. [Left] A �t of the area function A in eq. 4. [Right] Overlapping pro�les from the
penumbra regions in �g. 3(c-d). The height between the high an d low depends on the
overlay color. A simple sketch of the pro�le of the � channel is imposed in the bottom
of the plot.

The presented models are based on two basic rules in color andillumination
theory for di�use surfaces: (1) A change in the ratio of sun light and sky light
is a color temperature change, and (2) the observed wavelengths from a surface
are based on its albedo proportional to the light that illumi nates it. This gives
the model a simple construction and a simple initialization. If the ratio between
a sunlit surface and its corresponding shadow can be found, it is easy to �nd the
overlay color.

Two versions of the model are given: a linear penumbra model and a sigmoid
penumbra model. The linear model is more simple to compute, but it is more
di�cult to use it for making natural looking penumbras. The s igmoid model is a
better model for the natural penumbra, because all you have to o is to decide the
width of the penumbra and make a linear slope from0 to 1 in the � -channel. For
detection of shadows it is hard to predict which model is moreuseful. However,
it may be easier for an algorithm to optimize a linear slope inthe � -channel
than a sigmoid curve.

2.1 Estimation of � via Graph Cuts

Even though the aim is unsupervised segmentation we used a simple kind of
user interaction such as [1]. They used a few strokes from theuser to train gaus-
sian mixture models in order to segment complex foreground objects with alpha
channels such as hair and spider webs using graph cuts. Our user interaction
consisted of pointing out a square of a surface in sun light and the same sur-
face in shadow. The mean R,G and B intensities of these squares were used to
calculate the overlay color (eq. 7).

We treated the � estimation as a piecewise smooth labeling problem. An
energy function would be minimized using graph cuts. If an energy function can
be described as binary variables with regular energy terms with robust metrics,
it is fast to �nd a strong local minimum [9]. The energy functi on should relate



to the question "what is the probability that this relativel y dark segment is the
result of a partially translucent overlay upon the real image?".

The problem formulation was de�ned as a graph cut minimization of � i in
equation 5, because the the overlay is in fact constant for the whole image. The
� channel of the overlay was estimated through� -expansions (thus reducing
the problem to binary labels). The color of the overlay was given by manual
initialization by handpicking a sunlit surface and its shadow counterpart. The
mean red, green, and blue for each region was computed and theoverlay color
was given by1 � � shadow =� sun as in equation 7.

The graph construction is given in [9]. The energy terms for the total energy
(equation 10) remains to be de�ned.

E(f ) = D i (f ) + V i;j (f ) (10)

whereE(f ) is the total energy of the con�guration f of all variables (pixels).
D i (f ) is the data term that de�nes the static cost of assigning a given � to the
pixel i . V i;j (f ) is the smoothness term that de�nes the cost of assigning a given
set of neighboring� 's to the pixels i; j .

There were a number of ideas how to use the data term and the simplest
method is to use a constant, because there is no way to tell if agiven pixel
is shadow. A sunlit black matte surface is darker than most bright surfaces in
shadow.

The segmentation relied on the smoothness constraint. Common hypotheses
are that the shadow changes gradually and is piecewise smooth. Common exam-
ples of discontinuity preserving energy terms are Potts term and the truncated
linear di�erence term. In addition some heuristics about chromaticity edges could
be used. We used the illumination direction vector as to label edges as albedo
edge or shadow edge. For all edges we found the direction and angle between
the illumination direction vector and the chromaticity edg e using cross- and dot
products. If an edge was over a certain threshold and the angle was under a
certain threshold then it was considered a shadow edge, elseit was an albedo
edge.

Pott's energy term (eq. 11) was used when there was no edge or the edge was
an albedo edge.

Vi;j 2 N (f (i ); f (j )) =
�

0 ; iff (i ) = f (j )
� ; if f (i ) 6= f (j )

(11)

If an edge was a shadow edge and its gradient was consistent with the gra-
dient in the � -channel (consistent when they are opposite each other), then the
energy was given by the absolute di�erence between the neighboring pixels in the
estimated shadow free image (eq. 12) without the use of windows. In addition
there was a second smoothness term that imposes a gradient onthe � -channel.
If the gradients were inconsistent the energy would be very large (� 2).



Fig. 5. Results trying to remove the shadow from �gure 3(right)(sig ma). [Left] Image
(top) and detected shadow edges (bottom). [Middle] Estimati on of � using linear model.
[Right] using sigmoid model. [Top] estimated shadow free image. [Bottom] estimated
alpha channel. Black is � = 0 and white is � = 1 .

V(p; q) = V1(p; q) + V2(p; q) (12)

V1(p; q) = jsf (p) � sf (q)j � wsf (13)

V2(p; q) = j� (p) � � (q)j � w� (14)

where wsf and w� controls importance between smoothness in the shadow free
image and the� channel.

This smoothness term is not a regular metric at the shadow edges, so it is
made regular through truncation. When building the graph, regularity is tested
(V (1; 0) + V (0; 1) � V (0; 0) + V (1; 1)). When it is not regular, the energies are
manipulated in such a way that the information given by the shadow edge is still
maintained while V (1; 0) + V (0; 1) = V (0; 0) + V (1; 1).

To avoid problems with soft edges a neighborhood system thatresembles
pyramid scale space jumps was used. It was based on a 4-connected neighborhood
(having two neighborhood relations;x � 1 and y� 1) and was extended to 4-layers
by adding neighborhood relations at� 2, � 4, and � 8.

An aggressive edge-preserving graph cut image restoration algorithm was
applied to remove disturbing high frequency noise and texture in for example
concrete and grass texture.

3 Experimental Results

The algorithm was applied with the sigmoid model to real life situations.
First we tested the approach in perfect conditions: A synthetic macbeth color

checker image with 3 color squares surrounded with an almostblack border so
that the algorithm cannot rely on intensities. See �gure 5. Five di�erent � levels
were estimated. It is not a perfect reconstruction of the penumbra area. The
entire penumbra region was not accurately labeled as shadowedges. This causes
an uneven gradient in the � channel. In real images we can expect even more
inaccurate edge labels.



For generality we chose a two examples with a professional linear camera in
RAW format (see �gure 6) and two examples with a nonlinear consumer camera
in JPEG format (see �gure 7). Three di�erent � levels were estimated for all
images except the �rst photo of the camera man shadow, where there were �ve
levels.

Fig. 6. Results with a linear professional camera (Canon eos-1 mark II). RAW for-
mat. [Top left] Original image. [Top right] estimated shado w free image. [Bottom left]
Shadow edges based on 4-connected neighborhood. [Bottom right] estimated alpha
channel.

Figure 6(left) shows a typical situation where the shadow of the camera
man is in the image. The penumbra areas are very wide here. Theshadow free
image shows that some parts of penumbra are overestimated and others are
underestimated. The pavement in the upper right corner is falsely segmented as
shadow. This is probably due to ambient occlusion from the building next to it.

Figure 6(right) shows a large connected shadow from a largerbuilding onto
a smaller building. despite of many false shadow edges, the general region of
shadow is found. However, a wet darker spot on the parking lot causes the
shadow region to "bleed" into this spot, too. The penumbra areas are not well
represented here and it shows at the shadow borders in the shadow free image.

Figure 7(left) A building in Berlin. Some of the windows are falsely segmented
as shadows. Otherwise the result is very accurate. The penumbra areas are not
well represented here either.

Figure 7(right) 4 people on a street in Berlin. The round tower is very en-
couraging because the penumbra is present and makes for a smooth transition.
The faces of the buildings in the background that faces away from the sun are
accurately segmented as shadow. The people's faces are alsodivided into left part
in sun and right part on shadow and it shows in the shadow mask (3 out 4 faces
are correctly segmented). Their shirts are also rather accurate. The penumbra
areas are missing at the shadow on the ground from the people.The road to
the left of the people are falsely segmented as shadow because the shadow free
estimation just happened to match the pavement.



Fig. 7. Results with a nonlinear consumer camera (Minolta Dimage 414) . JPEG for-
mat.

3.1 Discussion

The sigmoid shadow model made it easy to augment a natural soft shadow. The
model work both ways; it can compute the shadowed areas from sunlit areas
and compute sunlit areas from shadowed areas. This has been used to control a
graph cut segmentation of shadows and removal of shadows on real images.

The results demonstrated that it is possible to make useful estimates of the
� parameter in the model for real images. The quality of such estimation was to
a degree where it may be possible to extract information about the sun position
given some rough information about geometry. Surprisinglyit was possible to
use the algorithm on JPEG images from a consumer camera with automatic
settings.

The exact width of the soft shadows were di�cult to estimate. The lesser
the number of � levels that were possible, the better the segmentation was.
This might be solved by introducing a 2nd pass in between eachiteration that
optimizes the gradient at the shadow edges.

Without a data term a connected shadow region is most likely to be detected
if the major part of its boundary it covered inside the image and by shadow
edges.

Future work involves automatic initialization, alpha grad ient optimization
possibly as a 2nd step in a 2-pass algorithm, and K-means color cluster based
classi�cation that can be used for the data term. The e�ect of ambient occlusion
and to some degree inter-re�ections would be interesting aspects to consider if
they can be approximated by the models as well.



4 Conclusions

Our contribution is two novel models of shadows such that natural shadows can
be segmented and augmented virtual objects can cast exact soft shadows. The
new feature in these models is the ability to represent natural penumbra (soft
shadows). A graph cut based solution was presented using irregular energy terms
which was truncated to enforce regularity. A neighborhood scheme that emulated
pyramid sampling was introduced. It was demonstrated that this solution could
make convincing but not perfect estimates of the� parameter in the model for
real images.

Acknowledgments

This research is funded by the CoSPE project (26-04-0171) under the Danish
Research Agency. This support is gratefully acknowledged.

References

1. Wang, J., Cohen, M.F.: An iterative optimization approach f or uni�ed image seg-
mentation and matting. In: ICCV, IEEE Computer Society (2005 ) 936�943

2. Salvador, E., Cavallaro, A., Ebrahimi, T.: Shadow identi �cation and classi�cation
using invariant color models. In: Proc. of IEEE Signal Processi ng Society Interna-
tional Conference on Acoustics, Speech, and Signal Processing (ICASSP-2001) Salt
Lake City (Utah, USA), 7-11 May. (2001) 1545�1548

3. Salvador, E., Cavallaro, A., Ebrahimi, T.: Cast shadow se gmentation using invariant
color features. Comput. Vis. Image Underst. 95 (2004) 238�259

4. Madsen, C.B.: Using real shadows to create virtual ones. In Bigün, J., Gustavsson,
T., eds.: SCIA. Volume 2749 of Lecture Notes in Computer Science., Springer (2003)
820�827

5. Finlayson, G.D., Hordley, S.D., Drew, M.S.: Removing sha dows from images. In
Heyden, A., Sparr, G., Nielsen, M., Johansen, P., eds.: ECCV (4). Volume 2353 of
Lecture Notes in Computer Science., Springer (2002) 823�836

6. Finlayson, G.D., Hordley, S.D., Drew, M.S.: Removing sha dows from images using
retinex. In: Color Imaging Conference, IS&T - The Society for I maging Science and
Technology (2002) 73�79

7. Lu, C., Drew, M.S.: Shadow segmentation and shadow-free chromaticity via markov
random �elds. In: IS&T/SID 13th Color Imaging Conference. (2 005)

8. Barnard, K., Funt, B.: Experiments in sensor sharpening for co lor constancy. In:
IS&T/SID Sixth Color Imaging Conference: Color Science, Syste ms and Applica-
tions Scottsdale, Arizona,November 1998. (1998) 43�46

9. Kolmogorov, V., Zabih, R.: What energy functions can be minim ized via graph
cuts? IEEE Trans. Pattern Anal. Mach. Intell. 26 (2004) 147�159


