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Prefa
eThis report gives an introdu
tion to Prin
ipal Component Analysis and 
an be used in 
onne
-tion with tea
hing. Readers are expe
ted to be familiar with linear algebra and sto
hasti
 signalpro
essing.Figures, tables, and equations are ea
h numbered as X.Y, where X indi
ates the 
hapter and Y is a
onse
utive number. For example, equation 4.3 refers to the third equation in the fourth 
hapter.All ve
tors are 
olumn-ve
tors and indi
ated by a boldfa
ed lower 
ase letter or symbol, e.g. e.Matri
es are indi
ated by a boldfa
ed upper 
ase letter or symbol, e.g. V .Throughout the report the prin
ipal 
omponents plays a major role. These are denoted; new basisve
tors, variables, 
omponents, and eigenve
tors, dependent on the 
ontext.Comments, errors, et
. should be reported to tbm�
vmt.au
.dk
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Chapter 1
Introdu
tion
The Prin
ipal Component Analysis (PCA), also known as the Hotelling transform, and the KarhunenLoeve expansion, has been known for many years. The two �rst to deal with PCA was Pearson(1901) and Hotelling (1933). Pearson's approa
h was 
on
erned with �nding lines and planes thatbest �tted a set of points in a n dimensional spa
e and this resear
h lead to the prin
ipal 
omponent(PC). Hotelling's approa
h was to �nd a smaller set of fundamental variables whi
h expressed theoriginal n variables. Hotelling noted that su
h variables were 
alled fa
tors in the psy
hologi
alliterature and sin
e the word fa
tor already had a meaning in the mathemati
al world he denotedthe variables '
omponents'. Hotelling 
hose to maximise his '
omponents' in the sense of varian
ein the original variables and these '
omponents' he 
alled 'prin
ipal 
omponents'. Both Pearsonand Hotelling ended up with the eigenvalue problem, whi
h is hard to solve for orders above four.Pearson 
laimed that his method for solving this problem was eÆ
ient also for higher than 4'thorder but still a lot of 
al
ulations were involved whi
h was hard to do without any aid from a
omputer. Sin
e PCA is more eÆ
ient the higher dimension the problem is, not mu
h work wasdone in the area of PCA until the sixties simply be
ause it would take to long time to see the resultof the PCA. Then, due to the new interest in statisti
s and the aid of 
omputer power, the PCAbe
ame obje
t of new interest and a lot of resear
h was done in the interpretation and appli
ationof the PCA. Today the PCA is a well-known tool whi
h is used in a variety of di�erent �elds.The report at hand gives an introdu
tion to PCA, by des
ribing the basi
s of the transformation,deriving the theory, and �nally summarising the presented information into a short and pre
isehow-to se
tion.1.1 The Basi
 Prin
ipleAs other transformations, e.g. Fourier transformation, PCA transforms data into another represen-tation where a new set of basis ve
tors (variables) are used. In PCA, however, these basis ve
torsare not 
onstant as is the 
ase in many other transformations. Instead they are 
al
ulated basedon the data to be transformed.As for other transformations PCA is designed to enhan
ed 
ertain aspe
ts of the data set. In4



Fourier transformation it is the frequen
ies in the data set. In PCA it is the varian
e in the dataset.PCA is a linear transformation and the new basis ve
tors, denoted ei, are therefore subje
ted toan orthonormality 
onstraint, i.e. eTi ej = Æij = (1 if i = j0 if i 6= j (1.1)where Æij is Dira
's delta fun
tion.Sin
e PCA is a linear transformation with orthonormal basis ve
tors it 
an be expressed as atranslation and rotation. Denoting the input data x and the transformed data y, the transformation
an be expressed as y = A(x� �x) (1.2)where A 
ontains the new basis ve
tors, ei as row ve
tors, hen
e A = [e1 e2 � � � en℄T , and �xis the mean of the data set, hen
e �x = 1nPni=1 xiIn �gure 1.1 the basi
 prin
iples of PCA is illustrated for the two dimensional 
ase.
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Figure 1.1: The basi
 prin
iple of the PCA.The �rst �gure illustrates the input where the i'th sample is denoted xi = [x1i x2i℄T . The se
ondillustrates the transformed data where the i'th sample is denoted yi = [y1i y2i℄T and 
al
ulatedusing equation 1.2.The �rst two �gures illustrate how the data are transformed into another representation where themain part of the varian
e of the data in represented in the �rst variable, y1. That is, if the se
ondvariable is ignored, as illustrated in the last �gure, the main varian
e of the data is kept. In many
ases varian
e equals information, hen
e a more 
ompa
t representation of the data/information isobtained.The pro
ess of �guring out whi
h variables to ignore is referred to as the analysis part of PCA,hen
e the A in PCA. 5



In the example in �gure 1.1 the 
ompa
tness a
hieved by ignoring one variable might not seemsigni�
ant. However, imagine that the dimensionality of the input data is 20 and that the main partof the varian
e 
ould be represented by, say only two variables, then a truly 
ompa
t representationwould be obtained. For this reason PCA is mainly applied in 
ases where high dimensional dataare present.Besides being able to redu
e the dimensionality of the data PCA also has another importantproperty, namely a de-
orrelation of the data with respe
t to the new variables. As 
an be seen in�gure 1.1 the data are un
orrelated in y1 and y2. This property also holds for higher dimensionalproblem. I.e. independent of the dimensionality of the input data, the transformed data will beun
orrelated in all variables. This property is des
ribed more thoroughly in a later se
tion.The rest of this report is divided into three 
hapters. In the �rst the theory behind PCA is derivedand the properties of the transformation is presented. In the next 
hapter it is des
ribed how to
hose those 
omponents to be ignored. In the last 
hapter a summary of PCA is given togetherwith a 
on
ise how-do des
ription.
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Chapter 2
The Mathemati
s Behind the PCA
As des
ribed above the transformation is given asy = A(x� �x) (2.1)where A = [e1 e2 � � � en℄T , and �x = 1nPni=1 xi. To utilise this transformation A needs to befound. In this 
hapter it is des
ribed how A 
an be found.For simpli
ity 2.1 is written as y = Ax0 where x0 = x��x and the inverse transformation is givenas x0 = A�1y. Sin
e A is an orthogonal matrix1 A�1 = AT , hen
e x0 = ATy. Rewriting yieldsx0 = [e1 e2 � � � en℄ � y = nXi=1 yiei (2.2)If only m (m < n) 
omponents are used instead of n some varian
e (information) is lost doing theinverse transformation and x' 
an not be re
onstru
ted. Instead an estimate is produ
edbx0 = mXi=1 yiei (2.3)The task at hand is to �nd A (or rather the prin
ipal 
omponents ei) so that the expe
ted squareddi�eren
e between x0 and bx0 � = E��x0 � bx0�T �x0 � bx0�� (2.4)1Note that an orthogonal matrix, despite its name, a
tually 
onsist of orthonormal ve
tors.7



is minimised, given the 
onstraint in 1.1.Inserting equation 2.2 and 2.3 in equation 2.4 yields� = E(� nXi=m+1 yiei�T � nXi=m+1 yiei�) (2.5)Due to the orthonormality 
onstraint in equation 1.1 the produ
t of the two sums yields� = E( nXi=m+1 y2i) (2.6)From equation 2.1 it follows that yi = eTi x0, yielding� = E( nXi=m+1�eTi x0�2) = E( nXi=m+1�eTi x0��eTi x0�) (2.7)Sin
e eTi x0 = x0Tei equation 2.7 
an be written as� = E( nXi=m+1�eTi x0��x0Tei�) = E( nXi=m+1 eTi x0x0Tei) (2.8)Sin
e ei is deterministi
 the order of the summation and the expe
tation operation 
an be inter-
hanged � = nXi=m+1 eTi E nx0x0To ei (2.9)Denoting the term in the bra
kets Cx yields� = nXi=m+1 eTi Cx ei (2.10)The squared error fun
tion must now be minimised in order to �nd the optimal ei, hen
e A.This is done by minimising ea
h term in the usually way by partial di�erentiation and setting theresult equal to zero. However the di�erentiation must be done in su
h a way that the 
ondition inequation 1.1 still holds. This problem is solved by generating a 
onstrained fun
tion g(ei) usingthe te
hnique of Lagrange multiplier 8



g(ei) = eTi Cx ei � � �eTi ei � 1� (2.11)Partial di�erentiation of equation 2.11 and setting it equal to zero yieldsrg(ei) = 0 ) (2.12)rg(ei) = Cxei +CTxei � �2ei = 0 (2.13)Sin
e Cx = CTx equation 2.13 
an be written asCxei � �ei = 0 ) (2.14)�Cx � �I� � ei = 0 (2.15)where I denotes the identity matrix.2.1 The Eigenvalue ProblemEquation 2.15 is known as the eigenvalue problem and is a general mathemati
al problem whi
happears in many other areas besides PCA. To solve the problem the determinant of the 
oeÆ
ientmatrix is used. Sin
e equation 2.15 is a homogeneous system of linear equations and sin
e it has anontrivial solution the determinant of the 
oeÆ
ient matrix is equal to zero. In other wordsdet�Cx � �I� = 0 (2.16)By developing equation 2.16 the 
hara
teristi
 polynomial is obtained and the roots of this polyno-mial are the eigenvalues, �i, of Cx. In the eigenvalue problem �i is the i'th eigenvalue 
orrespondingto the i'th eigenve
tor ei and �i � �i+1. When the eigenvalues are found they are ea
h substitutedinto equation 2.15 and the 
orresponding eigenve
tor is found. Finding the roots of the 
hara
-teristi
 polynomial analyti
ally is very hard when the order is above four and therefore numeri
almethods like, the power method, the Ja
obi method, the Givens method, and the Householdermethods are used [1℄.After �nding the eigenve
tors, ei, they are arranged as row ve
tors in the A-matrix. All entities ofthe transformation in equation 2.1 have now been found and it is ready for use.Re
all that �nding the new basis ve
tors as the eigenve
tors of the 
ovarian
e matrix, as doneabove, is the optimal solution in terms of minimising the amount of information (varian
e) lostwhen ignoring a number of variables, given the orthonormality 
onstraint.9



2.2 Properties of the Transformation2.2.1 The Covarian
e Matrix of the Input DataWhen the theory behind the PCA was derived above the following substitution was madeE nx0x0To = Cx (2.17)Expanding x0 into x� �x yields Cx = E�(x� �x) (x� �x)T� (2.18)whi
h is the 
ovarian
e matrix of x, i.e. Covar(x). The 
ovarian
e matrix of x is estimated asCx = 1n nXi=1�x� �x��x��x�T (2.19)Denoting V = �x01 x02 � � � x0n� and observing that 1n only s
ales the eigenvalues2 equation 2.19
an be written as Cx = VVT (2.20)The 
omplexity involved in solving the eigenvalue problem is strongly depended on the size of the
ovarian
e matrix. If its size is large so is the 
omplexity of the eigenvalue problem. The followingmethod might be applied to redu
e the 
omplexity.The eigenvalue problem 
an be expressed asVVTei = �ei (2.21)Instead of solving the problem in equation 2.21 
onsider the following problemVTVbi = �bi (2.22)where bi denotes the eigenve
tor.2This does not 
hange anything sin
e only the relation between the eigenvalues is applied.10



Multiplying equation 2.22 with V yieldsVVTVbi = V�bi ) (2.23)VVT �Vbi� = ��Vbi� (2.24)Comparing equation 2.21 and equation 2.24 reviels that ei = Vbi. This means that by solvingequation 2.22 and multiplying the eigenve
tor bi by V, the eigenve
tor of the original problem isfound. Whi
h of the two problems to solve depends on the dimensionality of the input data, n,and the number of input samples, s. The dimensionality of V is n times s so the dimensionality ofthe 
ovarian
e matrix and therefore the eigenvalue problem is n times n in the �rst problem and stimes s in the se
ond problem. The following rule 
an be appliedSolve problem one, hen
e equation 2.21, if n � sSolve problem two, hen
e equation 2.24, if n > s2.2.2 The Covarian
e Matrix of the Transformed DataThe 
ovarian
e matrix of the transformed data is de�ned asCy = E��y � �y� �y � �y�T� (2.25)Using equation 2.1 together with the fa
t that �y = 0 and the following rule (
 � d)T = dT � 
Tequation 2.25 
an be re-written asCy = E��A�x� �x����x� �x�TAT�� (2.26)Removing the parenthesis and observing that A is deterministi
, the order of the multipli
ationand the expe
tation operation 
an be inter
hanged, hen
eCy = A � E��x� �x��x� �x�T� �AT = ACxAT (2.27)A is an orthogonal matrix, hen
e A�1 = AT . Equation 2.27 
an therefore be written asCxAT = ATCy (2.28)11



From the de�nition of AT and equation 2.14 it follows thatCxAT = ��1e1 �2e2 � � � �nen� (2.29)Setting the right-hand side of equation 2.28 equal to the right-hand side of equation 2.29 yields
Cy = 2666664 �1 0 0 � � � 00 �2 0 � � � 00 0 �3 � � � 0... ... ... . . . ...0 0 0 � � � �n

3777775 (2.30)
This means that all the 
ovarian
es of Cy are zero, hen
e the data are un
orrelated with respe
tto the di�erent variables, i.e. y1, y2 et
 . Furthermore, the varian
es of the variables are equal tothe eigenvalues, i.e. the varian
e of the data on the i'th variable is �i.
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Chapter 3
Choosing whi
h Components toIgnore
Sin
e the eigenve
tors have been found the input data 
an be transformed. The dimension of thetransformed data is the same as the dimension of the input data so nothing is gained so far in termsof data redu
tion. The problem at hand is now to redu
e the number of required 
omponents asmu
h as possible without losing too mu
h information.An initial redu
tion is given if the number of samples is less than the number of dimensions in theinput, e.g., if only two samples exist then they 
an be represented with only one eigenve
tor sin
eany two points in spa
e lay on a 
ommon line in spa
e. If three points are present then they, atthe most, span a plane whi
h 
an be represented by two eigenve
tors et
. This means that onlya 
ertain number of eigenve
tors having 
orresponding non-zero eigenvalues exist if the number ofsamples is less than the number of dimension. All the eigenve
tors having zero-eigenvalues 
an beignored without losing any information. The number of zero-eigenvalues, z, is 
al
ulated asz = n� (s� 1) = n� s+ 1 (3.1)where n denotes the dimension of the input data and s denotes the number of samples. Obviously,equation 3.1 only apply if n � s� 1.In the following three methods whi
h 
an help to de
ide whi
h 
omponents to ignore are des
ribed.3.1 The m-methodNormally it is desired to redu
e the dimensionality as mu
h as possible and therefore the initialredu
tion is not enough. Generally speaking the task of determining how mu
h the dimensionality
an be redu
ed is a matter of representing as mu
h information as possible in as small a spa
e aspossible. In other words, to determinate how many eigenve
tors to ignore is a tradeo� between the13



wanted low dimension and the unwanted loss of information. Sin
e the i'th eigenvalue is equal tothe varian
e of the i'th variable and sin
e �i � �i+1 the tradeo� 
an be de�ned asIk = Pmi=1 �iPni=1 �i � 100% (3.2)where �i denotes the i'th eigenvalue, m denotes the number of eigenve
tors that is used, n denotesthe dimension of the input data, and Ik denotes the per
entage of information (varian
e) that iskept in the transformation.The equation 
an also be illustrated as shown in �gure 3.1 whi
h has the su

essive eigenve
tors onthe �rst axis and the asso
iated eigenvalues on the se
ond axis. On the graph m is the thresholdbetween ignored and sele
ted eigenve
tors, the area I1 represents the information kept in thetransformation and I2 represent the information lost in the transformation. The larger m is themore information is kept in the transformation. This te
hnique is 
alled the m-method.
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I
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1

Figure 3.1: The lost and kept information when ignoring (n�m) eigenve
tors.3.2 Other Te
hniquesThe m-method is used in many appli
ations sin
e it is easy and straight forward. However, themethod does have its drawba
ks and therefore it is interesting to see if a better result 
an beobtained using another method.When the input data originates from di�erent 
lasses it is not always a good idea to 
hose theeigenve
tors 
orresponding to the m highest eigenvalues. This is illustrated in �gure 3.2 where�gure 3.2.A shows the transformation of data from two di�erent 
lasses in 2D. For the example in�gure 3.2.A the m-method will ignore the y2-axis sin
e it has less information than the other axis,in the sense of varian
e, but it is 
lear that it is easier to 
lassify if the y1-axis is ignored instead.If the 
lasses are 
ompa
t like in �gure 3.2.B, then the m-method will work �ne sin
e it will ignorethe y2-axis. This suggest the need for another method when the 
lasses are not 
ompa
t. The14
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Figure 3.2: A: shows the mapping of two 
lasses into the 
omponent spa
e and the result when these
ond axis is ignored. B: shows the same but for two di�erent 
lasses.method should be able to �nd those eigenve
tors whi
h separates the 
lasses best instead of theeigenve
tors with the highest eigenvalues.Basi
ally all the 
ombinations of eigenve
tors 
an be tried out and for ea
h 
ombination it 
anbe 
al
ulated how good the 
ombination is to separate the 
lasses. When this is done for ea
h
ombination, the 
ombination whi
h separates the 
lasses best is 
hosen. This is a simple andstraight forward approa
h, but unfortunately there are some problems. First of all it is not 
learhow to de
ide the separability of ea
h 
ombination and se
ond a lot of 
ombinations exist. Usuallythe data are high dimensional and nomerous samples exist, hen
e a great number of non-zeroeigenvalues are involved in the transformation. Therefore quite a few 
ombinations are possible.Equation 3.3 shows how to 
al
ulate the number of 
ombinations, S,S = lXi=1 �li� = lXi=1 l!i!(l � i)! (3.3)where l denotes the number of non-zero eigenve
tors and ! is the fa
torial operator.If 10 non-zero eigenvalues are used there exist 1023 di�erent 
ombinations and the exponent of thenumber of 
ombinations is approximately doubled ea
h time the number of non-zero eigenvalues isdoubled. Clearly this is far too many 
ombinations to go through espe
ially be
ause the numberof non-zero eigenvalues might be rather high. Therefore another method is needed.
15



3.2.1 The J-measureIn the m-method the individual 
lasses are not taking into a

ount. However, it seems reasonableto 
hose the eigenve
tors whi
h best separates the 
lasses instead of 
hoosing the ones with thehighest eigenvalues. In the literature Kitler [2℄ introdu
es a method whi
h �nds the eigenve
torswhi
h best separates the mean of the individual 
lasses. The method is based of 
al
ulating aJ-measure for ea
h 
omponent and then 
hoosing the 
omponents with the highest J-measure. TheJ-measures is de�ned as J(ei) = eTi M ei�i (3.4)where J(ei) denotes the J-measure of the i'th 
omponent, ei denotes the i'th eigenve
tor, �i denotesthe i'th eigenvalue, andM denotes the s
atter matrix of the input data. The s
atter matrix 
ontainsa measure of the varian
es between the 
omponents in ea
h 
lass and is de�ned asM = KXi=1 P (ki) (�i � �) (�i � �)T (3.5)where K denotes the number of 
lasses, P (ki) denotes the probability of the i'th 
lass, �i denotesthe mean of the i'th 
lass in the input data, and � is the mean of the means.The numerator in equation 3.4 is a measure of how good the i'th 
omponent separates the meanof the 
lasses. The higher this value is the better the separation is. Sin
e the eigenvalues are notnormalised the numerator depends on the total varian
e of the 
omponent being investigated. Todeal with this problem the denominator is present. It 
ontains the varian
e along the investigated
omponent and under the assumption that a high varian
e of a 
omponent means a high varian
eof ea
h 
lass the J-measure is normalised.3.2.2 The SEPCOR-algorithmAnother method whi
h uses the mean of the 
lasses is the SEPCOR-algorithm. In addition to themean it also uses the varian
e of the 
lasses. The name of the algorithm is derived from SEPerabilityand CORrelation and the prin
iple of the algorithm is �rst to order the 
omponents in de
reasingorder with respe
t to a variability measure and then 
orrelate the 
omponents to see if any areredundant. The variability measure is de�ned asV (ei) = deviation of the 
lass-meansmean of the deviation of ea
h 
lass = PKj=1(�ji � �i)2PKj=1Pg2
lass j (ygi � �ji)2 (3.6)where ei denotes the i'th 
omponent, �ji denotes the mean of 
lass j on the i'th 
omponent, �idenotes the mean of the i'th 
omponent, ygi denotes a sample from a 
lass on the i'th 
omponent,16



and K denotes the number of 
lasses.The numerator represents how mu
h the means of the 
lasses are separated and is therefore preferredlarge. The denominator represents the 
ompa
tness of the 
lasses and is therefore preferred small.The larger the variability measure is for a 
omponent the better the 
omponent is to dis
riminatethe 
lasses. In �gure 3.3 the e�e
t of the variability measure is illustrated. The �gure shows two
lasses ea
h represented by their mean and varian
e. The 
lasses are shown in 2D for illustrativepurposes. When only two 
lasses are present equation 3.6 is redu
ed toV (ei) = 12 (�1i � �2i)2�21i + �22i (3.7)where �ji denotes the mean of 
lass j on the i'th 
omponent and �2ji denotes the varian
e of 
lassj on the i'th 
omponent.It should be noted that the numerator is simply the squared distan
e between the mean of the
lasses. In the situation showed in �gure 3.3 the numerator is approximately the same for thetwo 
omponents and therefore only the denominator has an e�e
t on V (ei). Clearly the se
ond
omponent has a higher variability measure than the �rst 
omponent so the se
ond 
omponent
ontains more dis
riminative information, whi
h also seems intuitively 
orre
t. It should be notedthat the m-method would have 
hosen the �rst 
omponent as the most signi�
ant sin
e the varian
eis larger on this 
omponent.
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{Figure 3.3: An illustration of the parameters in the variability measure used by SEPCOR.When the variability has been 
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omponent and they have been ordered inde
reasing order with respe
t to V (ei), a 
orrelation is 
arried out. First the 
omponent withthe highest variability measure is 
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omponents having a variability17



measure above a 
ertain threshold. Those 
omponents having a high 
orrelation with the �rst
omponent are ignored sin
e they do not add any new information. Then the 
omponent withthe se
ond highest variability measure is 
orrelated with the rest of the 
omponents whi
h are notignored. The 
omponents with a 
orrelation value above the threshold will then be ignored et
.When the SEPCOR-algorithm is used on data whi
h have been transformed into a spa
e spannedby the eigenve
tors of the 
ovarian
e of the original data, there is no 
orrelation between the
omponents and therefore the SEPCOR-algorithm is redu
ed to the variability measure.3.3 Comparing the Di�erent MethodsWhi
h of the three methods to use depends, for one thing, on how similar the 
lasses are. If the
lasses are symmetri
 and have similar sizes, meaning the same varian
e, then the m-method issuÆ
ient. If, however, the 
lasses are very di�erent the more 
omputationally demanding SEPCORand J-measure algorithms will perform better. One way of �guring out whi
h method to use is toinspe
t the 
ovarian
e matri
es of the di�erent 
lasses or even better to apply all three methodsand 
hose the one produ
ing the best result for the 
urrent appli
ation.It should be noti
ed that the more alike and symmetri
 the 
lasses are the 
loser the result of theJ-measure will be to the result of the m-method.It should also be noti
ed that the denominator in the variability measure of the SEPCOR-algorithmwill have less e�e
t the more symmetri
 the 
lasses are. If all the 
lasses are 
ompletely symmetri
the denominator will be exa
tly the same for every 
omponent and 
ould therefore be omitted. Alsoit should be noti
ed that the numerator in the variability measure is dependent on the similaritybetween the 
lasses. If the 
lasses are similar in shape and size the numerator will be proportional tothe eigenvalue of this 
omponent. This means that if the 
lasses are symmetri
 and have the samesize the variability measures will be proportional to the eigenvalues and the SEPCOR-algorithmwill therefore produ
e the same result as the m-method. This argument does not hold the otherway around, i.e. similar results do not ne
essarily 
ome from symmetri
 
lasses with the same size,sin
e di�erent situations results in similar output from the m-method and the SEPCOR-algorithm.Finally it should be noti
ed that the three methods mostly tend to di�er on low dimensional dataor when only a few 
omponents are applied to transform a high dimensional data set. As more andmore 
omponents are applied the methods usually 
onverge toward 
hoosing the same 
omponents.For this reason and due to simpli
ity the m-method is the preferred method in many appli
ations.
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Chapter 4
Summary
In this report the Prin
ipal Component Analysis (PCA) has been des
ribed. It is a linear transfor-mation where the input data is transformed into another represented where a new set of variablesis used. These variables are also denoted 
omponents and are found as the eigenve
tors of the
ovarian
e matrix of the input data. The transformation 
an be expressed as a translation followedby a rotation y = A(x� �x) (4.1)where y is the transformed data, x is the input data, A 
ontains the eigenve
tors as row-ve
tors,hen
e A = [e1 e2 � � � en℄T , and �x = 1nPni=1 xi.The purpose of the transformation is twofold. Firstly, the new set of variables are found as thedire
tion in the data set where the highest varian
e is presents, given the variables are orthonormal.Se
ondly, a number of the 
omponents are ignored hereby redu
ing the dimensionality of the data.The transformation is optimal with respe
t to keeping as mu
h varian
e as possible when ignoringsome of the 
omponents.In short, PCA �nds the dire
tions in the input data with maximum varian
e and then ignores thosedire
tions (
omponents) with least varian
e.Whi
h and how many 
omponents to ignore depends on the task PCA is used for. Three methodsfor 
hoosing whi
h 
omponents to ignore are presented. The m-method where those 
omponentswith least varian
e are ignored. The other two methods, J-measure and SEPCOR, are applied whenthe input data originates from di�erent 
lasses. The former takes the mean of the di�erent 
lassesinto 
onsideration. This is also the 
ase for the latter but in addition it 
onsiders the varian
es ofthe di�erent 
lasses.The transformation has two major properties besides those mentioned above. First of all the meanof the transformed data is zero and se
ondly the 
ovarian
e matrix of the transformed data is givenas 19



Cy = 2666664 �1 0 0 � � � 00 �2 0 � � � 00 0 �3 � � � 0... ... ... . . . ...0 0 0 � � � �n
3777775 (4.2)

It 
an be seen that the 
ovarian
es are zero whi
h means that the data are un
orrelated withrespe
t to the di�erent variables. Furthermore the varian
es of the di�erent variables are given asthe eigenvalues of the 
ovarian
e matrix of the input data.4.1 How to Do a PCAIn this se
tion the tasks to be 
arried out in PCA are listed and explained. To use PCA �ve thingsmust be done:� A
quire data� Cal
ulate 
ovarian
e matrix� Cal
ulate eigenvalues and eigenve
tors� Chose eigenve
tors� Map the data4.1.1 A
quire DataIf PCA is used to transform data whi
h have not been in
luded in the 
ovarian
e matrix thenthe \training" data have to be representative, or in other words, to 
ontain the varian
e stru
tureexpe
ted to be 
ontained in new samples. In this 
ase the more training data the better. Fur-thermore, if the PCA is used in a 
lassi�
ation problem where the 
ovarian
e of the 
lasses is usedthen the dataset must in
lude at least as many data points in ea
h 
lass as the number of 
hoseneigenve
tors. In other words, if it is 
hosen to use m eigenve
tors then the dataset must in
lude atleast m di�erent samples from ea
h 
lass. This is ne
essary in order to avoid an underdeterminedproblem.4.1.2 Cal
ulate Covarian
e MatrixThe 
ovarian
e matrix, Cx, 
ontains the 
orrelation within the input data. It is estimated as20



Cx = VVT (4.3)where V = [x01 x02 � � � x0n℄ and x0i = xi � �x4.1.3 Cal
ulate Eigenvalues and Eigenve
torsThe eigenvalues, �i, and eigenve
tors, ei, are 
al
ulated by solving equation 4.4 whi
h is known asthe eigenvalue problem. The eigenve
tors span an orthonormal spa
e where the input data will bemapped into. (Cx � �I) � ei = 0 (4.4)4.1.4 Chose Eigenve
torsWhen the eigenvalue problem has been solved it must be determined whi
h eigenve
tors to use.The 
hoi
e depends on the appli
ation. In 
hapter 3 some of the methods whi
h 
an be used tode
ide whi
h eigenve
tors to use are des
ribed. These are the m-method, the J-measure, and theSEPCOR-algorithm.4.1.5 Map the DataThe mapping of the data is done using equation 4.5.y = A(x� �x) (4.5)where y denotes the transformed data, A denotes the transformation matrix 
ontaining the 
hoseneigenve
tors as row ve
tors, x denotes the input data, and �x denotes the mean of the input data.
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